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Abstract 



INITIAL objective of this dissertation is to study the existence of the solutions of the 
congruence a x = b y (modp n ) and distribution of solutions (x,y) as n varies in natural 
numbers, where a and b are integers coprime to prime p. We observe that as n — > oo, 
solutions take the form of p-adic integers. 

This motivates us, to study the existence of the solutions of equation a x = b in p-adic 
integers. The relevant case is when a and b are units in p-adic integers. If the solution 
exists we try to find it out. We resolve the case of a, b G U\ completely. A necessary 
and sufficient condition for the existence of the solution of a x = b where a, b are elements 
of Ui, is 'depth of a is smaller than the depth of b\ In this case, if the solution exists 
then it is given by log b/ log a. In the other case, where a and b are p-adic units but not 
elements of U 1: we give the criteria for the existence of the solution of a x = b. Write a and 
b as product of Teichmuller unit and an element of Ui. Suppose a = a\a^ and b = bib 2 
where a±,bi are Teichmuller units and 02,62 £ U\. Then the solution of a x = b exists if 
bi belongs to the group generated by a\ and depth of a 2 is smaller than the depth of b 2 - 
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Chapter 1 



INTRODUCTION 



1.1 Motivation 

Suppose a, b are integers and p is a prime, consider the congruence a x = b y (modp n ) (*) 
where n is a natural number. We try to find when does the solution exist for (*). Since 
this is a multiplicative congruence, solution in (x, y) exists if and only if the two sets 
A = {a, a 2 , a 3 , • • • } modulop n and B = {b, b 2 , b 3 , ■ ■ ■ } modulop n intersects. In general if 
(a,p) 7^ 1 or (b,p) 7^ 1 then the sets A, B are not groups under multiplication modulo 
p n . We will show that, the case a and b both are coprime to p is the only interesting case 
to study the existence of solutions of (*). In this case the sets A (modp n ) and B (modp n ) 
are actually subgroups of (Z*„,*). Therefore, if (x ,y ) satisfies the congruence (*) then 
x Q G {1, 2, • • ■ , o(a)} and y G {1, 2, ■ • • , o(b)}. If we fix y — 1 in (*) and find the solution 
of a x = b (modp n ) say (x Q , 1) then a x ° y = b y (modp n ) gives all the solutions of (*). Hence 
we reduce to the case of studying solutions of a x = b (p n ) where a and b are coprime to 
p. Let x n denote the solution of a x = b (p n ). To investigate the pattern of these solutions 
was a primary motivation of this dissertation. We will show that if x n exists for all n then 
the sequence {x n } converges in p-adic integers. That means the difference x n+ \ — x n is 
divisible by p kn where k n goes to infinity as n — > oo. More precisely, we state the theorem 
14.1.41 in section H~T1 

Let a, b be integers coprime to a prime p and a / 1. Let x n denote the smallest positive 
solution of the congruence a x = b(modp n ). If x n exists for all n > 1 then the sequence 
{x n } converges in p-adic integers. 
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1.2 Aim 

The main objective of this dissertation is to study the existence and distribution of the 
solutions of equation a x = b modulo p n , where a, b are units in p-adic integers, a ^ 1 and 
n goes to infinity through natural numbers. We divide the work in three parts: 

1. a and b are integers coprime to p, 

2. a and b are elements of U\, 

3. a, b are units in p-adic integers. 

We state here the main theorems in each of these cases: In the first case refer the 
theorem I4.1.4[ stated as: 

"Let a, b be integers coprime to a prime p and a ^ 1. Let x n denote the smallest positive 
solution of the congruence a x = b{modp n ). If x n exists for all n > 1 then the sequence 
{x n } converges in p-adic integers." 

In the second case, refer theorem 14.2.81 from the section I4T21 which gives the necessary and 
sufficient condition for the existence of p-adic solution, when a and b are in U\. 
"Let a, b be elements of U\ and 1. Then a x = b has unique solution in p-adic integers 
if and only if depth of a < depth of b. " 

For the third case, the main theorem 14.3. II is stated as below: 

"Let p be an odd prime. Let a, b be the units in TLu,)- Write a = a\a2, b = b\b 2 where a\, b\ 
are Teichmuller units and 02,62 £ Ui then a x = b has a solution in Z( p ) if (i) bi belong 
to the group generated by a 1; and (ii) depth of a 2 < depth ofbi- 

Let p = 2, Let a,b be the units in Z(2). Write a = a\a2, b = 6162 where a±,bi are 
Teichmuller units and 0-2, &2 G U\ then a x = b has a solution in Z( 2 ) if (i) a± — b\ and 
(ii) depth of a 2 < depth of b 2 - " 

The main examples for all the work in chapter 4 are p = 2, (a = —3, 6 = 5), for p an 
odd prime, (a = 1 — p, b — 1 +p). We discuss them in detail in section I4.1[ example 14.1.51 
and section 14.2} example 14.2.111 These examples are also special pairs which we define at 
the end in section 14.41 
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1.3 Preliminaries 

In this section we will highlight the main points from chapter 2 and 3. 

One of the most important contribution of Gauss in Disquisitiones Arithmaticae pQ is 
his result on primitive roots. The result is stated as: 'A natural number n has a primitive 
root if and only if n is 2 or 4 or of the form p m or 2p m for some odd prime p. 1 In modern 
group theoretic language, theorem can be stated as: A multiplicative group Z* is cyclic 
if and only if n — 2, 4,p m , 2p m for an odd prime p. A constructible proof of the assertion 
'every prime has a primitive root' is not known. If r is a primitive root of both p and p 2 
then r is a primitive root of p n for all n. If r is a primitive root of p then r (1 +p) and r + p 
both are primitive roots of p 2 , hence they are also primitive root of p n for all n > 1. In 
section [23| we discuss this in more detail. We in fact prove that, there exists an integer 
between 2 and p — 2 which is a primitive root of p n for all n > 1. 

In chapter 3, we define n-adic integers in two ways, one is using projective limit and 
the other is metric approach. In section I3.4[ we will explicitly give how to construct the 
Teichmuller units in p-adic integers. The structure of units in p-adic integers is important 
for our work in section I4~31 In the theory of quadratic forms, the structure of Q* p ^/Q*^ 2 
is important. We will generalize this by considering the map x h-> x k on Q*^ and will 
study the structure of Q* (p) /Q* (p) k . 
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Chapter 2 



THE GROUP Z 



IN this chapter we cover the basic material of group theory which we will need throughout 
the thesis. Section I2TT1 contains various cases in a, b in the congruence a x = b y (modp n ). 
In section 12.21 we will see some properties of the group Z* , proof of structure theorem 
for Z* and Gauss's original proof of 'existence of primitive root of a prime.' In the last 
section of this chapter, we will prove Gauss's Theorem on Primitive Roots. We in fact 
show that there exists an integer between 2 to p — 1 which is a primitive root of p n for all 
n > 1. 



2.1 a x = b y (modp n ) 

Definition 2.1.1. Z* is the set of all invertible elements ofL n , the ring of integers modulo 
n. If we express elements of the ring Z n as 0,1,- ■■ ,n— 1 then Z* = {k G Z n | (k, n) = 1}. 

Definition 2.1.2. : If k is any element of ' Z* then o(k) = order of k is the smallest 
positive integer such that k°^ = 1 (modn). 

Proposition 2.1.3. Z* is a group under multiplication. 

Proof. If k G Z* then (k, n) = 1. Therefore there exists integers m, I such that km + nl = 
1. This implies km = 1 (modn). Also (m,n) = 1 because if c£ = (m,n) then d divides m 
and n implies d divides km + nl. So, d | 1. Therefore d = 1. Let t G {1, 2, • • • , n — 1} be 
such that t = m (modn). Then, £ G Z* and t is the inverse of /c in Z* . □ 

Let a and 6 be non-zero integers both not equal to 1. Let p be a prime and n G N. 
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We look for solutions of above congruence. Two elementary cases are as follows: 
Case 1. p ] a, p | b 

=>- a x = (modp n ) for some x and b y = (modp n ) for some 7/ 
Hence a x = b y {modp n ) has non-zero solution in (x, y). 
Case 2. p | a but p { 6 

p | a p | a x Vx > and p\b^ p\b y \/y > 
Therefore, for every x, y > 0, p \ (a x — b y ). 
Because, if p \ (a x — b y ) =>- a x — b y = pk for some fceZ 
=>- a x — pk = b y 

=>- p | b y . a contradiction. 

Therefore, a x = b y {modp) has no non-zero solution in (x,y). 
Case 3. p \ a and p\b 

Therefore, {a,p n ) = 1 and (b,p n ) = 1. Consider, amod(p n ) and bmod(p n ). Then a and 6 
can be considered as elements of Z*„. Therefore, = 1 (modp n ) and 6°^ = 1 (modp n ). 
From this, a 31 = 6 y (modp n ) has non-zero solution x = o(a), y = o(6). 
We notice that, such solution will exists for every pair (a, b) such that p \ a and p \ b. 
Hence we say that, (x = o(a), y = o(b)) or (x = o(a)k, y = o(b)l), k,l e Z are trivial 
solutions of a x = ft 2 ' (modp n ). (Here if x is negative then a x is the inverse of a _:c in the 
group Z*„.) 

In other words, if < a >, < 6 > denote the subgroups of Z*„ then we have, a x = 
b y (modp n ) has non-trivial solution if and only if <a>fl<6>^{l}. 

If<a>n<6> = <c> then c = a r and c = b s for some r, s. Therefore, 
a r = b s (modp n ) (x = r,y = s) is non-zero solution of cr 1 = b y (modp 11 ). Actually, 
every other solution is x = rk, y = sk; fceZ. 

Summary of 3 cases: We see that the first case is trivial, in second case there is no 
non-trivial solution and from the third case we can assume that, (a,p) = (b,p) = 1 and 
<a> = <6>C Z* . 



6 



CHAPTER 2. 



a x = b y (modp n ); (a,p) = (b,p) = 1 

From the above conditions on a and b, we get a, b G Z*„. We investigate the solutions 
{%n, Vn) of the congruence a x " = b Vn (modp n ) as n — > oo. 

Let us further assume that, < a >=< b > in Z* n . Then o(a) = o(b). Therefore for every 
x G {1, 2, ■ • • , o(a)}, there exists unique y G {1, 2, ■ • ■ , o(b)} such that a x = b y (modp n ). 
So this gives us all solutions of a x = b y (modp n ) and also the distribution of the solution 
as: 

Fix y = 1. Then there exists unique x G {1, 2, • • • , o(a)} such that, 

a x = b(modp n ) 
a 2x = b 2 {modp n ) 

a x 2 ^ (jnodpn^ 

Since, < a >=< b >, we must have that, x is coprime to o(a) = o(b). From above 
equations, we get a : 1 x ^ x 2 i— > x k (modp n ) is a permutation of the set 
{1, 2, • • • , o(a) = o(b)}. Hence a is an automorphism of Z Q ( a ). We shall see that for some 
special choices of a and b this permutation represents interesting patterns. Aut(7* ( a )) is a 
group under composition. In general, the group Aut(Z n ) is isomorphic to the multiplica- 
tive group Z*. 

2.2 Properties of Z* 

Recall the definition of Z* from the previous section. In this section we will prove the 
structure theorem for the group Z*. This material can be found in any book on group 
theory, as a precise reference, we suggest [3]. We will prove the existence of the primitive 
root of prime by two ways: field theoretic approach and number theoretic approach. 

1. Z* is an abelian group under multiplication with identity equal to 1. 

Definition 2.2.1. Euler totient function ofn, <f)(n) is defined as number of positive 
integers coprime to n and less equal n. 
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2. order of Z* n is <f>(n) 

3. Z* n = Aut(Z n ,+). 

Proof: k i — > (1 i->- k) is an isomorphism. 

Theorem 2.2.2. Structure of the group (Z*,*): 

if n = p^p^ 2 ■ ■ -Pr r i s a prime factorisation of n then, 

Z n * = Z* iH x Z* 2 fc 2 x • • • x Z* rfcr 

Proof. Since both sides are of same order, it is enough to prove that, there is an in- 
jective homomorphism for such a homomorphism would be surjective and would be an 
isomorphism. Define a map 

/ : Z n * > ^* Pi h x • • • x Z* prkr 
k (modn) >->■ (k (modp^ 1 ), ■ ■ ■ ,k (modp^ r )) 

We show that, / is 1-1. Suppose f(k) = f(l) = (a±,--- ,a r ). Then k = l(modp^) for 
i = 1, 2, • • • , r. i.e. divides — / for all i Since (Pi%p/) = 1 for ? 7^ j, we get product 
of p\ l divides k — I i.e. n divides k — I. Therefore k (modn) = I (modn). 
Therefore / is 1-1. For any natural number n, we have k (modn) x I (modn) = kl (modn). 
Therefore / is also a homomorphism. Hence / is an isomorphism. □ 

Theorem 2.2.3. Z\ n = Z 2 x Z 2 n- 2 for n > 2. 

Proof. 1. (5,2 n ) = 1 =>- 5 G Z^n. We prove (at the end) using binomial theorem that, 
order of 5 is 2™~ 2 . 

2. (2 n - 1, 2 n ) = 1 2" - 1 G Z*„. 

-1 = 2" - 1 (mod 2"). -1 is of order 2. 

3. -1 ^< 5 > 

Suppose, —1 G< 5 > then —1 = 5 fc for some k. 

5 = 1 (mod A) =>- 5 fc = 1 (mod 4) 

but -1^1 (mod A). Therefore, -1 ^ < 5 >. 
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4. Let H =< 5 >, K =< -1 > C Z*„. HnK = {1}. 

Then if if is a subgroup of of order 
\H\\K\ = 2^2 = 

|#nif| l 

Also the order of Z*„ is 2 n_1 . Therefore, fff\~ = Z* T 



5. ii n K = {1} iiif = H x K. 
i.e. Z* 2 „ = HxKforn> 2. 

So Zgn is an internal direct product of < 5 > and < — 1 > . 

It remains to prove that, order of 5 in Z^n is 2 n ~ 2 , for n > 3. 
For this we prove that, 5 2 ™ = 1 (mod2 n ) and 5 2 ™ 3 7^ 1 (mod 2"). 



5 2 = (1 + 2 2 ) 2 

2! 



on— 2/on— 2 i\ 

1 + 2 ™- 2 2 2 + [ — f -1(2 2 ) 2 + 



2 n-2 (2 n-2_ 1) ... (2 n-2_ A; + 1) 
+ k\ 



+ ... + 2 n - 2 (2 2 )^ 2 - 1 ) + (2 2 )( 2 " 



= 1 + 2 n + 2™ I — i ■ '- ) + 



2! 

n / 2 2fc"2( 2 n-2 _!)... ( 2 «-2 _ jfe + 1) 



lb! 

+ ... + 2 n 2 (2-i-4) +2 n 2 (2-i-n) 



= l(mod2 n ) 
Therefore order of 5 divides 2 n ~ 2 . 
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5 2-3 = (1+2 2)2- 3 

! , 2 n-3o2 , 2"~ 3 (2"- 3 - 1) 2 2 | | 2- 3 (2»- 3 -!)■■■ (2"~ 3 - fc + 1) 2 fc 
2! /c! 

+ . . . + 2 ™-3(2 2 )( 2n - 3 -i) + (2 2 )( 2 ^ 3 ) 
= 1 + 2 n - 1 (mod2 n ) 
^ \{mod2 n ) 

Therefore order of 5 is 2™ -2 . □ 

Definition 2.2.4. Let n > 1 be any natural number. We say that r is a primitive root of 
n if <j){n) is the smallest positive integer such that 

r^ n) = 1 {modn) 

In the group theoretic language, r is a primitive root of n is the same as the multi- 
plicative group Z* is cyclic and r is a generator of Z* . A major result of Gauss and Euler 
is the determination of n's when the primitive root mod n exists. There is an interesting 
issue about the existence and construction of the primitive roots. 

Theorem 2.2.5. Every prime has a primitive root. 

Proof. A field theoretic argument for existence of primitive root mod p is as follows: 
We have to prove that the multiplicative group of the field Z p , namely Z* is cyclic. We 
have already noted that order of Z* is <p{p) = p — 1. So we prove that Z* = Z p _i. Let us 
denote Z p by F and Z* by H . As H is of order p — 1, order of an element t of H divides 
p — 1. So t is a p — I th root of unity a root of the polynomial x^ 1 — 1. This polynomial 
has atmost p— 1 roots in any field. It follows that H is the set of all p — I th roots of unity 
in F. 

Now we prove that H is cyclic. We use the structure theorem for abelian groups, which 
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tells us that H is isomorphic to a direct product of cyclic groups 

H = Z dl x • • • x Z dk 

where d\ \ d 2 • • • \ dk and p — 1 = d\d 2 • • • dk- The order of any element of H divides 
d k because dk is the common multiple of all d^s. So every element of H is a root of the 
polynomial 

x dk - 1. 

This polynomial has atmost dk roots in F. But H contains p — 1 elements and p — 1 = 
did 2 ■ ■ ■ d k . The only possibility is that d k = p— 1 and k = 1. So if is cyclic and isomorphic 
to □ 

Remark Gauss gave proof of existence of primitive root of p, without explicitly using 
field theory. We mention it below: 

Proof. 1 is the primitive root of 2. 

Step 1: Let p be any odd prime. Select a number a which is coprime to p. Suppose order 
of a (modp) is t. Calculate the least residues of a, a 2 , a 3 , ■ ■ ■ , a* modulo p. If t = p — 1 
then a is a primitive root of p. 

Step 2: If t < p — 1 then choose another number b such that i) b is coprime to p, ii) b is not 
congruent to any power of a, modulo p. Suppose order of b (modp) is u. Then u cannot 
be equal to t or u cannot divide t. Because in any case, b l = 1 (modp), which cannot be 
true by condition ii) on b. Now if u — p — 1 then b is a primitive root of p. However if 
u ^ p — \ but it is a multiple of t then we have obtained a number having order higher 
than t, hence we will be closer to our goal. We can find a number whose order modulo p 
is equal to the least common multiple of t, u say, y. Write y = van such that (m, n) = 1 
and m \ t, n \ u. Suppose a*/ m = A and b u l n = B modulo p. Then clearly, modulo p, 
order of A is m and order of B is n. Since (m, n) — 1, we must have order of AB (modp) 
is mn = y. 

Step 3: If y — p — 1 then is a primitive root of p. Ii y ^ p — 1 then find another 
number c that does not appear in the least residues of AB, (AB) 2 , ■ ■ ■ , (AB) y modulo p. 
Then either c is a primitive root of p or we get a number having order strictly greater 
than y. 

Since the numbers we get by repeating this operation gives strictly increasing orders 
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modulo p. We must finally get a number having maximum order. This will be a primitive 
root. □ 

Remark Above proof is "non-constructive" in the sense that there is no easy expression 
for the primitive root of p in terms of p. Gauss has made the remark for the above 
theorem in his Disquisitiones Arithmeticae [T] as: "Finding primitive roots is reduced for 
the most part to trial and error. Euler admits that it is extremely difficult to pick out 
these numbers (primitive roots of prime p) and that their nature is one of the deepest 
mysteries of numbers." 

We have taken above proof from [Ij, page no. 48-49. 

Theorem 2.2.6. Z*„ = Z p _i x Z p n-i where p is an odd prime and n > 1. 

Proof. 1. For n — 1, from the above theorem, there exists a primitive root of p. 
Therefore Z* is isomorphic to Z p _i. 

2. For n > 2, we observe from the R.H.S. of the above isomorphism that, (p— l,p n ~ l ) = 
1 =>- Z p _x x Zpn-i is a cyclic group of order p n ^ 1 (p — 1). Since there is unique cyclic 
group of given order, it is enough to prove that, Z*„ is a cyclic group. 

3. We have already noted that, Z*„ is an abelian group of order <p(p n ) = p n ~ 1 (p — 1). 

4. Therefore, Sylow p-subgroup of Z*„ is of order p n ~ l . 
(1 +p,p) = 1 (1 +p,p n ) = 1 

=^ 1 + p G Z*„. 1 + p is of order in Z*„ . (Proof by binomial theorem, is given 
below.) Hence < 1 +p > is a Sylow-p subgroup of Z*„. As Z*„ is an abelian group, 
this is the unique Sylow-p subgroup of Z*„ 

5. The map 

(J) '. ^Jpn ^ Zp 

a (modp n ) — > a {modp) 

is a surjective ring homomorphism. Because if a G Z p then a = r + pk for some 
r G {0, 1, • • ■ ,p — 1} and A; G Z. For 6 = r + p n A;, we get 0(6) = a. 
Hence, this map restricted to group of units 
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Z*„ — > Z* is also surjective. Therefore, 

Z* 

ker (ft p 

=>- order of ker <p = p n ~ x . 

6. If g 7^ p is any prime dividing 4>{p n ) = p n ~ l {p — 1) then q \ p — 1. Therefore, the 
Sylow-g subgroup of Z*„ can not be contained in the ker <p. Hence, Sylow-g subgroup 
of Z*n is isomorphic to Sylow-g subgroup of Z* = Z p _i. Therefore, Sylow-g subgroup 
must be cyclic. 

7. Z*„ is abelian =>- it is product of it's Sylow subgroups. 

Thus Z*„ is an internal direct product of it's g-Sylow subgroups, q ^ p, q \ p — 1 
and < 1 + p > . 

It remains to prove that order of 1 + p is p n ~ x . 

d+r = i ^ (P 2 V = V + ^ ^ ^ ^ = 2 V 

gn-l (p n-l _!)... (pn-1 _ fc + j) fc 
fc! P 



p 2 (f 1 - 1 - 1) (p n ~ l - 2) 



+ p n 



+ ■■■+p n 



3! 

p k ~ l (p n ~ l - I) ■ ■ ■ (p n ~ l - k + I) 
fc! 



+ ... +p> (^- 1 -2) +p n p ( P "--n) 

= 1 {modp a ) 



Therefore, order of 1 + p divides p 



n-l 
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Now, 



= 1+p p+ p+ p 6 



p n ~ 2 (p n ~ 2 - 1) • • • (p n ~ 2 - k + 1) k 
k\ ^ 



+ ... + ^-2 p ( P - 2 -l) +p P"- 2 

= 1 +p n ~ l (modp n ) 
^ \{modp n ) 

Therefore, order of 1 + p — p n L . □ 
Observations related to above theorems: 

1. If p is an odd prime then Z*„ is cyclic. 

2. 7h\ n is not cyclic. 

(a) Number of subgroups of order 2 is 3 if n = 3. More explicitly, 

Z* 23 = Z* = {!, 3, 5, 7} ^ Z 2 x Z 2 . 
{1,3}, {1,5}, {1,7} 

are 3 subgroups of order 2. 

(b) For n > 4, number of subgroups of order 2 fc is 2 if 1 < A; < n — 2. 

Z2n — Z 2 X Z 2 n — 2 

If x E Z 2 n-2 is of order 2 fc , 2 < /c < n - 2 then < (0,^) > and < (l,x) > 
are the only subgroups of order 2 k . We observe that, < (0,:r) > is the unique 
subgroup of order 2 fc , consisting of only squares. 
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2.3 Primitive roots of p n 

The aim of this section is to prove that, there exists a number between 2 and p — 1 which 
works as a primitive root of p n for all n > 1. At the beginning we prove some essential 
results which will be required throughout the thesis. We have given group theoretic proofs 
of some of these results in the previous section. Here we give elementary number theoretic 
proofs. 

Theorem 2.3.1. Fermat's Theorem Let p be a prime and a be an integer such that 
p \ a then aP^ 1 = 1 (modp) 

Proof. In the group theoretic language, the statement of this theorem says that, if a G Z* 
then a' z p' = 1. In any finite group a' G ' = 1 for all a G G. A group theoretic proof of 
this theorem is clear. But we give here more elementary proof, using number theory 
arguments. 

Let p = 2. The condition 2 \ a implies that a must be an odd integer. Then a = 1 (mod 2). 
Let p be an odd prime. Then 0, 1, 2, • • • , p — 1 is the least residue system modulo p. Since 
a is coprime to p, we have 0, a, 2a, • • • , a(p — 1) is another residue system modulo p. 
Therefore, for every r G {1, 2, • • • ,p — 1} there exists unique s G {1, 2, • • • ,p — 1} such 
that ar = s (modp). In this way, we get p — 1 number of congruences, one for each value 
of r. Multiplying all the p — 1 congruences, we get 

a. 2a. 3a • • • a(p — 1) = 1.2.3 • • • (p — 1) {modp) 

Therefore we get, a p_1 (p — 1)! = (p — 1)!. Since p does not divide (p — 1)! 

we must have, aP^ 1 = 1 (modp). □ 

Theorem 2.3.2. Euler's Theorem Ifn>l and a is an integer such that gcd(a, n) = 1 
then a^ n ) = 1 (modn) 

Proof. Special Case: Suppose n is a power of a prime p i.e. n = p k , k > 0. 

Proof by induction on A;. If k — 1 then the assertion reduces to Fermat's theorem. 

Induction hypothesis: For a fixed value of k > 0, assume that, 

a^ (pfc) = l(modp fc ) 
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We have to prove that, a^ pk+1 ^ = 1 (mod p k+1 ) . 

From the induction step, a^ pk " 1 = 1 + p k u for some integer u. 

Now, <p(p k+1 ) = p k+1 — p k = p(p k — p k ~ l ) = p<p(p k ). 

We use binomial theorem to prove the claim. 

a <t>{p k ) = l +p k u 

a P<P( P k ) = (i + p k u )P 

= 1 + p p k u + P(P ~ l) p 2k u 2 + ■ ■ ■ + p p V 

= 1 + + p fe+l ^ fc (P - l ) u 2 + . . . + pPk u p 

= 1 {modp k+1 ) 

General case: Let n = p k \p\?---p k T be the prime power factorisation of n. Then, 

0H = 0(^)0(^ 2 )---0(^). 

From the special case, 

= \{modp kl ) i = l,2,---,r 

Therefore, 

a 0(p * !) ' =l(modp ki ) i = l,2,---,r 

a^ n) = l(modp kl ) i = l,2,---,r 

Since allp^'s are distinct, we get, a^ n ) = 1 [modn). □ 

Following result by Gauss gives all the natural numbers having primitive roots. Proof 
of the theorem 12.3.31 is clear from the structure theorems 12.2.21 12.2.31 and I2.2.6[ but we 
present here more elementary number theoretic proof. 

Theorem 2.3.3. Gauss's Theorem on Primitive roots: 

A natural number n has a primitive root if and only if n = 2, 4, p m , 2p m for p odd prime 
and m > 1 . 

Proof. If n = 2, 4,p m , 2p m for p odd prime and m > 1 then n has a primitive root is clear 
from the theorem 12.2.21 and theorem 12.2.61 Theorem 12.2.51 gives the existence of primitive 
root of p. 

Conversely, if n is not 2 or 4 or of the form p m or 2p m then n must have one of the 
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following form. We prove that in each case Z* contains a non-cyclic group. Therefore Z* 
cannot be cyclic and n cannot have a primitive root. 
Step 1: For n > 3, the integer 2 n has no primitive root. 

Because, for n > 3, we have Z^n = Z 2 x Z 2 n-2, so Z 2 x Z 2 is a non-cyclic subgroup of Z^. 
Therefore Z 2 „ is also not-cyclic. Hence 2 n has no primitive root for n > 3. 
Step 2: The integer n fails to have a primitive root if either 

i) n is divisible by two odd primes, or 

ii) n is of the form 2 m p k for m > 2. 

Proof, i) In this case also Z 2 x Z 2 is a non-cyclic subgroup of Z*. Therefore n has no 
primitive root. 

ii) If n = 2 m p k for m > 2. Then by the structure theorem 12.2.21 we get, 

— Z 2 X Z 2 m-2 X Zp_X X Zpfc — 1 

Since p is an odd prime, p — 1 is even, and we get Z 2 x Z p _ x is a non-cyclic subgroup of 
Z*. Therefore Z* is not-cyclic. Hence the proof is complete. □ 

We extend the theorem 12.3.31 partially as follows. We will be able to prove it at the 
end of this section. 

Theorem 2.3.4. Let p be an odd prime. There exists r G {2, 3, • • • ,p — 1} which is a 
primitive root of p n for all n > 1. 

The case n = 1 is already done. For n > 2 we need to prove some more results. 

Note 2.3.1. If r is a primitive root of p then r belongs to non-square elements modulo p. 
If r = s 2 (modp), then 

(s 2 )^ = s p_1 = 1 (modp) 

Therefore, order of r modulo p is strictly smaller than p — 1 . Hence, r can not be square 
modulo p. 

Lemma 2.3.5. p = 1 {mod 4) if and only if —1 is a square modp. 
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Proof. Suppose p = 1 (mod 4). Let r be a primitive root of p. Therefore, 

r p_1 = 1 (modp) 
(^r^^j = 1 (modp) 



p-i 



r 2 = 1 or — 1 (modp) 



But r is a primitive root of p, therefore r~ must be congruent to —1 (modp). Since 
p — 1 . 

is even, we can write, 

2 

j = —1 (modp) 

Conversely, Let p be a prime and x is such that 

x 2 = — 1 (modp) 
(x 2 )^ = (-1)^- (modp) 
x p ~ l = (—1)^ (modp) 



By Fermat's theorem x v ~ x = 1 (modp). On the r.h.s. (— 1)~ = 1 if and only if — - — is 
even i.e. p = 1 (mod 4). □ 

Note 2.3.2. In t/ie afroi>e proof r~ is a square root of —1 (modp), which is given in 

terms of primitive root of p. It is possible to find the solution of x 2 = —1 (modp) only 

fp-l\ 

in terms of p, namely, x — ± I — - — I ! But when p is very large prime, the number 
p — 1 \ 

! is also very large, hence this solution is not useful. 



2 

Lemma 2.3.6. Let r be a primitive root of p. 

1. If p = 1 (mod A) then —r (modp) is a primitive root of p. 

2. If p = 3 (modi) then —r 2 (modp) is a primitive root of p. 

Proof. 1. r is a primitive root of p, therefore from the note 1.3.1, r is non-square modulo 
p. Also p = 1 (mod4), therefore —1 is a square modp. Hence (— l)r is also a non- 
square modp. Clearly, (— r) p_1 = 1 (modp). We have to prove that p — 1 is the smallest 
integer satisfying (— r) p_1 = 1 (modp). Suppose m is the least positive integer such that 
(— r) m = 1 (modp). Then m divides p—1. 
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If m is odd, 

(-r) m = l(modp) 

—r m = 1 (modp) 

r m = — 1 (modp) 

r 2m = I (modp) 

But r is a primitive root of p, implies that, p — 1 divides 2m. 

m < p — 1 < 2m and m\p—l,p—l\2m 

i P~ 1 

m = p — 1 or m = 

p — 1 

This is contradiction, since p — 1 is even and p = 1 (mod 4) =^> — - — is also even, but m 
is an odd number. 

Therefore m must be even. Let m = 2n. Then, 

(-r) m = I (modp) 
(—r) 2n = 1 (modp) 
r 2n = 1 (modp) 

But r is a primitive root of p, implies that, p — 1 divides 2rt = m. 

We get, m \ p — 1 and p — 1 1 m gives, m = p — 1. Therefore, — r is a primitive root of p. 

2. Let p = 3 (mod A) and r is a primitive root of p. We have to prove that — r 2 (modp) 
is also a primitive root of p. By Fermat's Theorem, (— r 2 ) p_1 = 1 (modp). Let m be the 
smallest positive integer such that, 

(-r 2 ) m = 1 (modp) 

Therefore, m \ p — 1 

(-l) m r 2m = l(modp) 

If m is odd, then 

r 2m = -1 (modp) 
r Am = l(modp) 
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As r is a primitive root of p, we get, p — 1 1 4m. Therefore, we get, 

to I p — 1 and p — 1 | 4to 
=>- p — 1 = mk and 4to — {p — 1)1 
=>• 4to = mkl 
^A = kl 

either (k = 1, 1 = 4) or (k = 4, Z = 1) or {k = 2,1 = 2) 
If /c = 1 then p — 1 = to. But to is odd and p — 1 is even. Hence contradiction. 



If / = 1 then p — 1 = 4to. So, p = 1 (mod A). Hence contradiction. 
If = / = 2 then p — 1 = 2m so 
integer. By the property of m, 



p — 1 p — 1 

If k = I = 2 then p — l = 2m so, m = — - — . Since p = 3 (mod 4), we get, — - — is an odd 



(-r 2 ) m = \{modp) 

(—r 2 ) E 2~ = l(modp) 

(-l^r-P- 1 = l(modp) 

— r P- = x (modp) 

r p_1 = —1 (modp) 

This is contradiction, because, r p_1 = 1 (modp). Hence, m must be an even number. 
Suppose m = 2n. 



(-r 2 ) m = 


1 (modp) 


(-r 2 ) 2n ee 


1 (modp) 


r 4n = 


1 (modp) 


r 2m 


1 (modp) 



As r is a primitive root of p, we get, p — 1 1 2m. We already have, m divides p — 1. 
Therefore, we get, 

m < p — 1 < 2m and m\p — l,p— 1 1 2to 

m = » — 1 or m = 

F 2 

p — 1 

But m is even and — - — is odd. Hence m must be equal to p— 1. Therefore, — r 2 (modp) 
is a primitive root of p. □ 

20 



CHAPTER 2. 



Lemma 2.3.7. If r G {2, 3, • • • ,p — 1} is a primitive root of p then 

1. forp = 1 {mod 4) either r or — r {modp) or both are primitive roots of p 2 

2. forp = 3 {mod 4) either r or —r 2 {modp) or both are primitive roots of p 2 . 

Proof. 1. Let p = 1 (mod 4). Suppose r is a primitive root of p but not of p 2 . Therefore 

r p_1 = 1 {modp 2 ). From the above theorem, — r {modp) is also a primitive root of p. 

Claim: — r {modp) is a primitive root of p 2 . i.e. 4>{p 2 ) = p{p — 1) is the smallest positive 

integer such that, (— r) p( - p ~^ = 1 {modp 2 ). 

For this, it is enough to show that, (— r) p_1 7^ 1 {modp 2 ). 

Since r p_1 = 1 {modp 2 ) we have r p_1 = 1 + p 2 k for some fc. 



(-r) 



p-i 



p-rf- 1 
-r+pf- 1 

-rr 1 + {P~ l){-rf- 2 p + ^"^"^ (-rrV + 

_ r )p-l + (p _ l)(_ r )P-2 p ( mo rf p 2) 

(-r)f- 1 - (-r) p ~ 2 (modp 2 ) 
= r p - x +r p ~ 2 {modp 2 ) 
= 1 + r p_2 {modp 2 ) 
7^ 1 {modp 2 ) 



■+p p - 1 



Hence proved. 



2. Let p = 3{mod4). Suppose r is a primitive root of p but not of p 2 . Therefore 
r p_1 = 1 {modp 2 ). From this we get (— r 2 ) p ~ 1 = 1 {modp 2 ) From the above theorem, 
— r 2 {modp) is also a primitive root of p. 

Claim: — r 2 {modp) is a primitive root of p 2 . i.e. 0(p 2 ) = p{p — 1) is the smallest positive 
integer such that, (— r 2 ) p ( p_1 ) = l{modp 2 ). Let be the smallest positive integer such 
that, — r 2 + pk is a positive integer. Then — r 2 + p/c belongs to the set {2, 3, • • • ,p — 1}. 
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Since — r 2 = — r 2 + pk (modp), we prove that, (— r 2 + pk) p 1 ^ 1 {rnodp 2 ). 

(_ r 2 + pjb )p-l = (_ r 2)P-l + (p _ l)(_ r 2)P-2 pA; + (P~l)(p-2) ( _ r2)p _3 w2 + + 

= {-r 2 ) p - 1 + (p - l)(-r 2 ) p ~ 2 pA; (modp 2 ) 
= (-r 2 ) p_1 - (-r 2 ) p ~ 2 pA: (mod p 2 ) 
= 1 — (— r 2 ) pfc (modp 2 ) 
^ 1 {modp 2 ) 

Therefore, — r 2 (modp) is a primitive root of p 2 . □ 

Lemma 2.3.8. If r is a primitive root of both p and p 2 then r is a primitive root of p n 
for all n > 3. 

Proof, r is a primitive root of p, so p — 1 is the smallest positive integer such that r p ~ x = 
1 (modp). Write r p ~ l = 1 + pk. Since, r is also a primitive root of p 2 , so p(p — 1) is 
the smallest positive integer such that r p ^ p_1 ) = 1 (modp 2 ). Therefore, r p ~ l ^ 1 (modp 2 ). 
This implies that, in the equation r^™ 1 = 1 + pk, the integer k is not divisible by p. 
Now, r p(p -V = 1 (modp 2 ), therefore r p(p -^ = (r^y = (l+pk) p . Let m be the smallest 
positive integer such that, r m = 1 (modp 3 ). As r is coprime to p, by Fermat's theorem, 
r <Mp 3 ) — r p 2 (p-i) = x (modp 3 ). Therefore, m divides p 2 (p — 1). Also, r m = 1 (modp 3 ) 
implies that r m = 1 (modp 2 ). But r is a primitive root of p 2 , so p(p — 1) must divide m. 
Therefore, either m = p(p — 1) or m = p 2 (p — 1). 

r p(p-i) _ (r p ~ v y 

= (l+pk) p 

v(r> — 1) 

= 1 + ppA; + — -pk H h (pk) p 

= 1 +p 2 k(modp 3 ) 

Since p does not divide k, r^ -1 ) ^ 1 (modp 3 ). Therefore m = p 2 (p — 1). 

Induction hypothesis: Suppose r is a primitive root of p, p 2 , • • • ,p n . 

r is a primitive root of p n_1 implies that, p n ~ 2 (p — 1) is the smallest number such that 

r p " 2 ( p_1 ) = 1 (modp 11 ^ 1 ). Let r p " 2 ( p_1 ) = 1 +p n_1 A;. Since r is also a primitive root of 

p n , we must have, p \ k. Now, r is coprime to p, therefore r^ pn+1 ) = 1 (modp n+1 ) i.e. 

r p n (p-i) = (mo<ip n+1 ). We have to prove that p n (p— 1) is the smallest number with this 
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property. For this, it is enough to prove that r p " 1 ( p 1 - ) 7^ 1 (modp n+1 ). Now, r p " 2 ( p ^ = 
1 + p n ~ 1 k implies that r^ 1 ^" 1 ) = (^""'(p- 1 ))* = (1 + p^kf = 1 + p n k (modp n+1 ). 
Since p does not divide k, we get 1 + p n k ^ 1 (p n+1 ). Hence p n (p — 1) is the smallest 
positive integer such that r pn ( p ~^ = 1 (modp n+l ) □ 

Proof, of theorem 12.3.41 is now clear from the lemma 12.3.71 and lemma 12.3.81 □ 

Note that, from lemma l2.3.7[ if r is a primitive root of p then either r or — r or — r 2 
is primitive root of both p and p 2 and hence of all p n, s n > 1. We already know from the 
Gauss's theorem that r(l + p) and r + p both are primitive roots of p n for all n, but none 
of them modulo p is primitive root for all p n, s. If r is a primitive root of p but not of 
p 2 then r(l + p) is a primitive root of p 2 . Because, r is not a primitive root of p 2 implies 
that order of r (modp 2 ) is p — 1. By the proof of theorem 12.2.61 order of 1 +p (modp 2 ) is 
p. Since p and p — 1 are coprime, order of r(l + p) (modp 2 ) must be p(p — 1). 
Therefore by theorem 12.3.81 we have, r(l +p) is a primitive root of p m for all m > 1. 

Example 2.3.9. 1. (Gauss) Let p = 29 and a = 14. Then, 28 zs t/ie smallest positive 
integer satisfying 

14 28 = 1 (mod 29) 
14 28 = 1 (mod 29 2 ) 

Therefore, 14 is a primitive root of 29 but not o/29 2 . Smce 29 = 1 (mod 4), we have 
—14(mod29) = 15 is a primitive root of 29 2 . 

Letp = 43, a = 19 then 19 zs a primitive root of 43 but not of 43 2 . Since 43 = 3 (mod4), 
we calculate — 19 2 (mod 43). It zs e(pja/ to 26. TTien 26 is a primitive root of both 43 
and 43 2 . 

Example 2.3.10. 1. For p = 5, primitive roots of 5 are 2,3. Squares modulo 5 are 
1,4 = -1. 

2. For p = 7, primitive roots of 7 are 3,5. Squares modulo 7 are 1,2,4. 
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p = 1 (mod 4) 


primitive root of p n 


p = 3 (mod 4) 


primitive root of p n 


5 


2,3 


7 


3, 5 


13 


2,6 


11 


2, 6, 7, 8 


17 


3, 5, 6, 7 


19 


2,3, 10, 13, 14, 15 


29 


2, 3, 8, 10, 11, 15 


23 


5, 7, 10, 11, 14, 15, 17, 19, 20, 21 


37 


2, 5, 13, 15, 17, 19 


31 


3, 11, 12, 13, 17, 21, 22, 24 


41 


6, 7, 11, 12, 13, 15, 17, 19 


43 


3, 5, 12, 18, 20, 26, 28, 29, 30, 33, 34 



In the above table, We have used 'SAGE' to calculate primitive root of p n for all n for 
first few primes. 
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n-ADIC INTEGERS 

THIS chapter contains some information about n-adic integers. We will define n-adic 
integers by two ways: 1. projective limit approach and 2. metric approach, that is using 
valuation on integers. In section I3.2[ we will prove some algebraic properties of the ring 
of n-adic integers. In section 13.41 we will give explicit construction of Teichmiiller units 
in p-adic integers. We will also prove the structure theorem for the group of units of the 
ring Z(p). 

Two approaches to n-adic integers 

Given any natural number x it can be written as 

x Q + xilO + x 2 10 2 + ■ ■ • + x k 10 k 

where Xi € {0,1,2,3,4,5,6,7,8,9} and k is a finite number. Similarly, let n > 1 be 
a fixed natural number. An n-adic integer is a number written in base n. i.e. write x 
as x a + X\n + x 2 n 2 + ■ ■ • + Xkn k , where Xi G {0, 1, 2, ■ • • , n — 1}. We say that, this is 
a n-adic expansion of x. Difference between integers and n-adic integers is: the infinite 

oo 

sum Xi°n l does not make sense in integers but it does make sense in n-adic integers as 

i=0 

defined below. There are two ways of defining n-adic integers. One is using projective 
limit of Z n r in which we consider the structure of the ring Z ra r simultaneously for all r. 
Other way is power series in n with coefficients between to n — 1, which is natural 
generalization of decimal expansion of natural numbers as explained above. 
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3.1 Projective limit approach to n-adic integers 

In appendix we have given general definitions of a projective limits of sets, groups, rings, 
topological spaces. A reference for this is [3J. Here we will consider only the projective 
limit of rings Z p n. 

Let n > 1 be a fixed natural number having prime power factorisation p^p^ 2 ■ ■ -p^ r . 
Then, we have following ring isomorphism 

Z„ = Z fc, x Z k2 x • • • x Z k r (*) 

Since primes appearing in prime power factorisation of n and n l are same for any natural 
number t, we can write, 

Z„t = Z t,t x Z k,i x ••• x Z is r ( (**) 

projective limit approach: Taking the projective limit on both sides of (**) as 
t — > oo, we get 

W ( Pl l) (p 2 2) (p^) 

Definition 3.1.1. : Z^ zs projective limit ofL p kt as t goes to infinity. 

oo 

Z(pfc) = {x = (•■■, X21 X\) G J^J Zpfet I x m G Zpfcm, (f) m (x m ) — x m _i} 



t=i 



where, 



^Ul . ^Jpkm ^ Zpfc(m — 1) 



amodp km h-> amodp k{m x) 
Thus Z( n ) can be described as follows: 

oo 

Z( n ) = {a; = (■■•, a? 2 , £i) G ]^[ Z n t | ^ G Z n », fcfa) = x^ x Vi > 2} 



Let x =(•••, X2, xi) G Z( n ). From the (*) each Xi corresponds to a tuple (xj, x\ , • • ■ , x\) G 
Z t,, x Z t 2 . x • • • x Z fe r i and map fa = 6] x d>f x • • • x 0[ where $ : Z — >■ Z fe,(i-i) 

Pi P2 Pr ' ' ' Pj Pa 

sending a {modp^ 1 ) to a [modp k ^ % ). Z( n ) is a ring with 'coordinate by coordinate' ad- 
dition and multiplication. This is possible because <p n is a ring homomorphism. Z( n ) is a 
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commutative ring with identity (• • • , 1, 1). 

By definition of the projective limit, for x — (• • • , x 2 ,Xi) G Z( n ) if x m = for some 
to, then m 's are all ring homomorphisms implies that x m _i,x m _ 2 , • • • ,Xi all are equal 
to zero. Therefore, x looks like (• • • , x m +i, 0, 0, • • • ,0). 



We recall some standard definitions in commutative algebra. Let R denote the commu- 
tative ring with unity. 

Definition 3.2.1. R is called an integral domain if for x,y G R, we have xy = then 
either x = or y = 0. 

Definition 3.2.2. R is principal ideal domain (PID) if every ideal of R is generated 
by a single element. 

Definition 3.2.3. A commutative ring having unique maximal ideal is called as local 
ring. 

Definition 3.2.4. A commutative ring having finitely many maximal ideals is called as 
semilocal ring. 

Now we prove some algebraic properties of the ring of n-adic integers. 
Theorem 3.2.5. Two rings Z( p ) and Z( p fc) are isomorphic. 

Proof. Z(p) = h_mZ p n and Z^ = h_mZ p fen. The directed set for Z( p ) is N and for Z^fcn) 
is kN = {k, 2k, • • • }. Then kN C N and for every n G N, there exist km G kN such 
that km > n. Thus the projective system (Z p kn,kN) is cofinal in the projective system 
(Z p «,N). Therefore, there projective limits are isomorphic. That is, Z( p ) = Z p k. □ 

Theorem 3.2.6. Let p be a prime number. Then every non-zero element x of Z( p ) can 
be uniquely written as p n u for some n G N and p not dividing u. 

Proof. Let x — (•••, X3, x 2 , x\) be non-zero element of Z( p ). Let n be the smallest number 
such that x n 7^ 0. Then x is of the form (• • • , x n +i, x n , 0, • • • , 0). By the definition of 



3.2 Algebraic properties of ring Z( n ) 
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Z(p) we get x n = (modp n ~ l ). That is p n_1 divides x n . Since x n G Z p ™ and i n ^ we 
get x n = p n ~ 1 y n where p \ y n . For m > n, by the definition of Z( p ), x m = x n (modp n ~ l ). 
Since divides x„, we have p n ~ l also divides x m , for all m > n. Therefore p n ~ l divides 
x. Also p \ y n implies p n \ x. We can write x = p n ~ 1 u ) where u — (• - • , y„+i, y n ). □ 

Theorem 3.2.7. Lei u G Z( p ). T/ien u is a unit if and only if p does not divide u. 

Proof. Let u = (• ■ ■ , u.3, «2, «i) be a unit in Z( p ). Let t> = (■■•, t> 3 , t> 2 , f 1) be the inverse of 
u in Z( p ). By the multiplication in Z( p ), we get Wx^i = 1 (modp). Therefore p\u±, hence 
p does not divide m. 

Conversely, Suppose p does not divide u. Let n be the smallest number such that p \ u n . 
Consider the map n : Z p n — y Z p given by a (modp n ) h-> a (modp). Then p f w n implies 
4> n {u n ) is non-zero. But 4> n (u n ) is Mi by definition of Z( p ). Let = m^ 1 in Z p . This 
infact shows that the smallest number n such that p \ u n is 1. Since u\ is non-zero in 
Z p , and U2 = u\ (modp) we get u 2 is also not divisible by p in Z p 2. So u 2 is invertible 
in Z p 2. Similarly, we get Ui is invertible in Z p! for all i. Let t>j = m," 1 in Z p i. Then 
v = (■■•, f 3 , i> 2 , f 1) is the inverse of w in Z( p ). □ 

Theorem 3.2.8. Ifn = p kl p k 2 2 ■ ■ -p kr then group of units Z* (n) = Zj^^xZ^^ x ■ ■ -xZ* pkr) 

Proof. Let x = (x\,x 2 , ■ ■ ■ , x r ) be an element of Z( n ) and Xi G Z^^. Then a; is invertible 
in Zc„i if and only if each x~ is invertible in Z, Therefore Z?^ = Z* fc , x Z* feo x • • ■ x 

Theorem 3.2.9. Z( n ) zs an integral domain if and only if n is power of a prime number. 
Proof. Suppose n is not power of a prime. 

Let n = p kl p 2 2 ■•■p^r and r > 2. Then Z (n) = Z (pfcl) x ■ • • x Z (p fc r) . Let A = (a, 0, 0, • • ■ , 0) 
and B = (0, b, 0, ■ • • , 0) are in Z^^ x • • ■ x Z^ r ^ where a / and b ^ 0. But AB = 0. 
Therefore Z(„) is not an integral domain. 

Conversely, suppose n = p r for some prime p and r G N. Then by theorem I3.2.5[ we get 
Z( n ) is isomorphic to Z( p ) . Therefore it is enough to prove that Z( p ) is an integral domain. 
Let x and y be non-zero elements of Z( p ) . Then x = p n u and y = p m v for some n, m G N 
and p does not divide u, v. Therefore u, v are units in Z( p ). So uv 7^ 0. Now xy = p m+n uv, 
which is non-zero because, uv is non-zero. □ 
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Theorem 3.2.10. Z( p ) is a PID. In fact, every non-zero ideal ofX^ is generated by p n 
for some n > 0. 

Proof. Let I be any non-zero ideal of Z( p ). If I = Z( p ) then it is generated by 1 = 
(• • • ,1,1). Suppose, / 7^ Z( p ). Let n be the largest natural number such that p n divides 
every element of /. 
Claim: / is generated by p n in Z( p ) . 

By the choice of n, there exists an element a = p n u G / such that p does not divide u. 
Therefore, u is unit in Z( p ). / is an ideal implies au^ 1 G / i.e. p n is in I. Therefore, ideal 
generated by p n is contained in /. 

Conversely, every element of / is of the type p n x for x G Z( p ). Therefore, I C p n Z( p y □ 
Theorem 3.2.11. Z( p ) a ZocaZ ring. 

Proof li n > m then p"Z( p ) C p m Z^, because p m G £> m Z( p ) and p"~ m e Z( p ) implies 
that p m p n - m = p n e p m Z( p ). We have, 

• • • C p n Z (p) C p n_1 Z (p) C • • • C p 2 Z (p) C pZ(p) C Z(p) 

Therefore, ideal generated by p is the unique maximal ideal of Z( p ). □ 

Theorem 3.2.12. Z( n ) a semilocal ring. 

Proof. Let n = • • -Pr r - Th en, 

Z (n) = Z ( p *i) X • • • X Z (p fe r) 
- Z (pi) X • • • X Z (Pr) 

Since, ideal generated by pi is the unique maximal ideal of Z( p .), all the maximal ideals 
of Z( n ) are given by 

Mi = Z (pi) x • • • x Pi Z(p.) x • • • x Z (Pr) i = 1, 2, • • • , r. 

□ 

Theorem 3.2.13. Z( p )/pZ( p ) is isomorphic to F p a field of order p. 
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Proof. Since ideal generated by p is the maximal ideal of Z( p ), the quotient Z( p )/pZ( p ) 
must be a field. We show that this field is of order exactly p. So that, it is isomorphic to 
F p . We can write, 

Z 

= {p%(p), 1 + pZ w , • • • , (p - 1) + pZ (p) } 

pZ( p ) 

Every element of Z( p ) is of the form x — (• • • , a?2, £i) where Xi G {0, 1, • • • ,p — 1}. Then 
x belong to the coset Xi + pZ( p ). Hence, we have listed all the cosets. Therefore Order 
of Z(p)/pZ( p ) is equal to p. Therefore, Z( p )/pZ( p ) = F p . □ 

Theorem 3.2.14. Forp and q distinct primes, Z( p ) and Z( g ) are not isomorphic as rings. 

Proof. If they were isomorphic then there unique maximal ideals would also be isomorphic 
and hence the quotient fields ¥ p and ¥ q will become isomorphic. This is not true because, 
F p is of order p and F g is of order q. □ 

The field of p-adic numbers, Q( p ) 

From the theorem 13.2.91 it is clear that, quotient field of Z( n ) is defined only when n is a 
power of prime. 

Definition 3.2.15. The field of p-adic numbers Q( p ) is defined as the quotient field of 
Z( P ). 

If n = p r for some prime p and r > 1 then by theorem 13.2.51 we get Z( p r) = Z( p ). 
Therefore Q( p r) = Q( p ). Every element of Q( p ) can be written as p n x where n e Z and 
x G Z( p ). 

Q (p) = ZxZ (p) . 

If n = p^pl 2 ••■pf 1 then define Q (n) as Q (pi) x Q (pa) x • • • x Q (Pr) . Clearly, Q (n) is a field 
if and only if n is power of a prime number. □ 

Let x — (• • ■ ,X2, Xi) G Z(„). Then 

X\ G Z„ =^ < X\ < n — 1 
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Let a Q = Xi 



x 2 G Z n 2, 02(^2) = X\ =>■ a; 2 = £1 (modn) 

=>- x 2 = a Q + a\n for some < ai < n — 1 

rr 3 G Z n 3, 03(0:3) = x 2 =4> x 3 = x 2 (modn 2 ) 

=^> x 3 = x 2 + a 2 n 2 for some < a 2 < n — 1 



X3 = a Q + a\n + a 2 n 2 



In general, 



G Z n «, (fii(xi) = Xi-i =>- = (modn 1 1 ) 

=>- ajj = + aj_in i_1 /or some < Oj_i < n — 1 



= a c + ain + a 2 n 2 + • • • + a„_in* 1 



These equations actually tells us that, n-adic integers can be defined in another way- 
power series in n with coefficients in {0, 1, • • • , n — 1}. 



3.3 Metric approach to n-adic integers 

n-adic valuation and n-adic metric: 

Fix a prime p. Define p-adic valuation v p as, 

v p : Z — > {0}UNU{oo} 

v p (x) = m x=p m x ,p\x 
= 00 x = 

Example 3.3.1. v 2 (32) = 5, u 7 (-98) = 2 

Using p-adic valuation we define a function 2™~ 3 on Z as follows: 
Let x be any non-zero integer. If Pi,p 2 ,-" ,Pr are & U the primes appearing in prime 
factorisation of n, then define 

v n (x) = max {v Pl (x) , v P2 (x) , • • • , v Pr (x) } 
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Example 3.3.2. 

vq(32) = max {t>2(32), t> 3 (32)} = max {5, 0} = 5 
t>36(18) = max {t>2(36), t>3(36)} = max {2, 2} = 2 

Remark Note that, v n is not a valuation on Z. I would like to thank Prof. Shripad 
Garge, IIT Bombay, for pointing out this fact. 

Now, define n-adic metric from the function v n . If x and y are integers then define 

d(x,y) = e ~ Vn{x - y) . 
Proposition 3.3.3. (Z, d) is a metric space. 

Proof. We check that, d satisfies the metric properties: Let x, y and z be any elements 
of Z. 

1. d(x,y) = e - Vn{x - y) > 

2. d(x,y) = if and only if e~ Vn ^ x ~ y ^ = if and only if v n (x — y) = oo if and only if 
x — y = 

3. v n {x-y) =v n (y-x) 

e -v n (x-y) = e -vn(y-x) [ e ^ ^ = d(<y ^ 

4. Triangle inequality: d(x, y) < d(x, z) + d(z, y) 

j e q— Vn{x-y) < e -v n {x-z) _|_ e -v n (z-y) 

Proof: 

X -y = ( x - z) + (z - y) 
=>v n (x-y) > min{v n (x - z), v n (z - y)} 

Suppose, minimum is v n (x — z). Then, 

v n (x-y) > v n (x-z) 
-Vn(x-y) < -v n (x-z) 

e -v„(x-y) < e -v„(x-z) 

e -v n (x-y) < e -v„(x-z) _|_ e -v n (z-y) 

i.e.d(x,y) < d(x, z) + d(z,y) 
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□ 

d actually satisfies stronger property than the triangle inequality, viz. the ultrametric 
property: 

Proposition 3.3.4. Ultrametric property: For all x,y,z in 7L, 

d(x,y) < max {d(x , z) , d(y , z)} 
i.e. e~ Vn( - x ~^ < max {e~ Vni - x " z \e~ Vni - z - y ^} 
Proof. Suppose max { e ~ v ™( x - z ) ^ e -M*-y)} — e -v n (x-z)_ Therefore, 

e -v n (z-y) < e -v n {x-z) 

-v n (z -y) < -v n (x - z) 

Vn{z ~y) > V n (x - Z) 

min {v n (x - z), v n (z - y)} = v n (x - z) 

min {v n (x - z), v n (z - y)} < v n ((x - z) + (z - y)) = v n (x - y) 
v n (x - z) < v n (x - y) 

e -v n (x-z) y e ~v n (x-y) 

i.e. e~ Vn{x - y) < max {e- Vn{x - z \e- Vn{z ~ y) } □ 

Define the set of n-adic integers Z( n ) as completion of N with respect to the 
n-adic metric. 

Let x be any positive integer. Then x can be uniquely written as 

x Q + X\n + x 2 n 2 + • • • + Xkn k 

where Xi G {0, 1, 2, • • • , n — 1}. That is, x can be written as polynomial in n with 
coefficient in {0, 1, 2, • • • , n — 1}. Clearly, power series in n, 

x + x\n + x 2 n 2 H h x k n k H (*) 

do not make sense in integers, but we will see that it makes sense as an n-adic integer. 
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Consider a sequence of integers obtained from (*), where Xi G {0, 1, 2, • • • , n — 1}. 

Xq Xq 

X 1 = x Q + X\°n 

X 2 = x Q + xin + x 2 n 2 

X k = x Q + X\n + x 2 n 2 + ■ ■ ■ + x k n k 

and let X = x Q + X\n + x 2 n 2 + • • • + x^n k + • • • be just an expression. We will give meaning 
to this X. Let k, m E N and k > m. Then 

X k -X m = x m+1 n m+1 + --- + x k n k 

= n m+1 (x m+1 + x m+2 n + --- + x k n fc "( m+1 )) 

WLOG we can assume that, x m+ \ ^ 0. Therefore, 

v n {X k -X m ) = m+1 

d{X k ,X m ) = e -MXk-Xm) = e -(m+i) 

e -(m+i) can mac i e as sma n as possible for all m > m for some m . 

i.e. we have proved that, {X k } is a Cauchy sequence in N with n-adic metric. 

Define: linn^oo X k = X = x Q + X\n + x 2 n 2 + • • • 
Therefore Z( n ) can be described as follows: 

Z (n ) = {X = x Q + xin + x 2 n 2 H | G {0, 1, 2, • • • , n — 1} } 

X is a positive integer if and only if all but finitely many x^s are zero. 

Z( n ) can be given a ring structure by defining addition and multiplication in a similar 
(not same) way as we define addition and multiplication of power series. 

Addition: 

Let X = x Q + X\n + x 2 n 2 + • • • and Y = y + y^n + y 2 n 2 + ■ ■ ■ be elements of Z( n ) then 
(x + y ) + (xi + yi)n+ (x 2 + y 2 )n 2 + ■ ■ ■ may not be in Z( n ), because, Xi and lies between 
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and n — 1 implies that Xj + lies between and 2{n — 1). 

Write X = x D + a^ra + x 2 n 2 + • • • as • • • x 2 X\ x Q 

and Y = y Q + y 1 n + y 2 n 2 H as • • • y 2 yi y Q 

(This is exactly similar to decimal expansion of integer. 

e.g. in the decimal system 1 + 2* 10 + 3* 10 2 + 4 * 10 3 corresponds to the integer 4321) 
Like the addition of integers here also, we will do the same columnwise addition of digits 
from right to left, with 'remainder-carry' rule. 

Formulation of these rules in general terms will contain only complicated notations but 
will not add anything more to the knowledge. Hence we explain the addition and multi- 
plication rules by following examples: 

oo 

Example 3.3.5. Consider Z (7) = { ^ xtf | x, L e {0,1,2,3,4,5,6}} 

i=0 

LetX = ■■■ 2355 < — >5 + 5*7 + 3* 7 2 + 2* 7 3 + -- - 

and Y = ■ ■ ■ 1646 < — > 6 + 4*7 + 6* 7 2 + 1 * 7 3 H be elements of Z (7) . 

Then X + Y can be calculated as follows: 

In Z(7) 

1 1 1 
••• 2 3 5 5 
+ •••1646 
••• 4 3 3 4 



Remark If X, Y e Z( n ) are actually integers then their addition and multiplication in 
Z( n ) and in Z is same with the understanding that, 
denote X = x D + x\n + • • • + Xkn k as Xk • • ■ x\ x Q 

and Y = y + y l n^ h y x n l as y r ■ ■ y x y Q 

Suppose, X + Y = Z = z m ■ ■ ■ Z\ z a G Z( n ) 

then (x + x\n + • • • + Xkn k ) + (y Q + y^rt + • ■ • + yin 1 ) is same as 
z a + z x n + V z rn n m . 

Example 3.3.6. In Z (7); we proved 2355 + 1646 = 4334 
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Now, 

2355 < — > 5 + 5 * 7 + 3 * 7 2 + 2 * 7 3 = 873 

1646 < — > 6 + 4*7 + 6* 7 2 + l* 7 3 = 671 

4334 i — > 4 + 3 * 7 + 3 * 7 2 + 4 * 7 3 = 1544 

and verify that, 873 + 671 = 1544. 

Example 3.3.7. multiplication: In Z( 7 ) we find 35 x 64. 
In Z(7) 

3 5 

x 6 4 



2 6 
+ 3 12 



3 3 2 6 



Now, 

35 < — > 5 + 3*7 = 26 

64 < — > 4 + 6*7 = 46 

3326 < — ► 6 + 2 * 7 + 3 * 7 2 + 3 * 7 3 = 1196 

and verify that, 26 x 46 = 1196. 

Power series representation of some special numbers 

We have seen that, the n-adic power series expansion of any natural number is finite i.e. 
only finitely many n l have non-zero coefficient. We now represent negative integers as 
elements of n-adic integers Z( n ). 

1. The infinite series 1 + p + p 2 + • • • converges to in Z( p ) 

71+1 _ I 

Proof. Let a n = 1 + p + p 2 H h p n = . 

p — 1 

We use the fact that, valuation of p n goes to infinity as n — > oo, implies that p n 
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converges to in Z( p ). 



1 + p + p 2 + ■ ■ ■ = lim a r 

p n+l _ X 



n— >co 



lim 

n—s-oo p — 1 

p n+l 1 

lim lim 



n->oo p — 1 n->oo p — 1 

o- 1 



p — 1 
1 



1-p 



2. (From the above fact) — 1 = (p — 1) + (p — l)p + (p — l)p 2 + 
Proo/. 

_1 P~ 1 

= (p-I)t^- 
1 — p 

= (p-l)(l+p + p 2 + ---) 

= (p - 1) + (p - l)p + (p - l)p 2 + • • 



□ 



□ 



3. If n is a natural number then, — n = ^^Xip 1 , where all but finitely many x^s are 



i=0 



equal to p — 1. 
Proof. Case 1: If n = p k then 

-n = p fc ((p-l) + (p-l)p+(p-l)p 2 + ---) 
= (p — l)p k + (p — l)p k+1 + (p — l)p k+2 H 

Case 2: Suppose n is not equal to a power of p. 

Let /c be the smallest integer such that, p k > n. Then the p-adic expansion of p k — n 
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will contain powers of p upto k — 1. 



p k -n = x + xxp + x 2 p 2 -\ hx fc _ip fc 1 

-n = x G + xip + x 2 p 2 H ^x k ^ip k ^-p k 



= x + x 1 p + x 2 p 2 + --- + x k - 1 p k 1 +p k ((p-l) + (p-l)p+-- 
= x + x lP + x 2 p 2 + ■■■ + p k ~ x + (p-l)p k + (p- 1) p k+1 + 



If n is coprime to p then we find p-adic expansion of 1/n. 

Answer: (n,p) = 1, therefore there exists integers a and b such that an + bp = 

s t 

Let a = dip 1 and 6 = fr^p 1 be p-adic expansions of a and 6 respectively. 



i=0 



an + bp = 1 =>- an = 1 — bp 
1 a 



n 1 — bp 

1 s oo 

- = E < HP i )*(E(^) i ) 

i=0 i=0 



1 s oo t 

- = (E a *P i )*(E((E 6 ^» < )- 



i=0 i=0 i=0 
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3.4 Teichmiiller Units 

In this section we discuss about units in p-adic integers which are of finite order. We will 
give the structure of the group of units U of p-adic integers. 

Definition 3.4.1. Finite order elements of Zj^ are called as Teichmiiller units. 

Let V denote the set of all Teichmiiller units. V forms a subgroup of Z^, group of 
units in p-adic integers. If a = a Q + aip + a 2 p 2 + ■ ■ ■ is an element of V of order k then 
a (modp n ) is of order k in Z*„, for every n > 1. It is not at all clear from the definition 
that how many elements belong to the group V. 

Theorem 3.4.2. For an odd prime p, Z^ = Z p _! x Z( p ) 
Forp = 2, Z* 2) = Z 2 x Z (2) . 

Proof. Let p be an odd prime. Then, 

Zpn = Zp_l X Zpn-1. 

Taking the projective limit on both sides, as n — > oo, 

U = Z* (p) = Z p _! x Z(p) 

Let p = 2. Then for n > 2, 

Z^n — Z2 X Z21-2 

taking the projective limit on both sides, as n — > 00, 

^(2) = Z 2 X Z( 2 ) 

□ 

Each element of (Z( p ), +) is of infinite order. Above theorem proves that, V is finite 
and as a group it is isomorphic to the cyclic group of order p — 1 if p is an odd prime 
and V is isomorphic to the cyclic group of order 2, when p = 2. We now give the actual 
construction of Teichmiiller units. 

Construction of Teichmiiller units: 

Let a = a Q + a\p + a 2 p 2 + ■ ■ ■ where a Q , a\, a 2 , ■ ■ ■ G {0, 1, 2, • • • ,p — 1} 
Recall: a G Z( p ) is a unit if and only if a Q ^ 0. 
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Theorem 3.4.3. If p = 2 then V = {1, 1 + 2 + 2 2 + • • • + 2 n + • • • }. 

Proof. From the theorem l3.4.2[ group of Teichmiiller units in Z( 2 ) is of order 2. Therefore it 
is enough to prove that, l+2+2 2 +- ■ ■ is of order 2 in Z% y But l+2+2 2 H h2 n +- • ■ = -1 



Theorem 3.4.4. let p be an odd prime. Teichmiiller units are in one to one correspon- 
dence with the non-zero constant term. i.e. if a = a Q + a±p + a 2 p 2 + • • • is a Teichmiiller 
unit then a is uniquely determined by the constant term a Q ^ and conversely given 
a a G {1, 2, • • ■ ,p — 1} there exists unique Teichmiiller unit having constant term a D . 

Proof. Construction of Teichmiiller units from it's constant term: 

Let a a 7^ be given and a Q G {1, 2, ■ ■ ■ ,p — 1}. Let o(a ) = k. Then k \ p — 1. We want 
to find aj's between to p — 1 such that order of a = a D + a\p + • • • + a n p n + • • • is k. 
Therefore, 



Using a a we can find a\ , 
Using a a , ai we can find a 2 , 
Using a Q , ai, a 2 we can find a 3 , 
and so on. 

a a G {1, 2, • • • ,p — 1} is of order fc, modulo p. Therefore a k Q = 1 (modp). 

Then there exists unique ai G {0, 1,2, • • • ,p — 1} such that (a Q + aip) fc = 1 (modp 2 ). 

Following is the construction of a\. 



in 2-adic integers and (— l) 2 = 1 in Z( 2 ). 



□ 



a k = (a a + aip + a 2 p 2 H ) h = 1 



(a G + aip) fc 




k(k- 1) 
2 



a, 



o 



fc-2 2 2 



+ 




(a a + aipf 







aip = 



a Q k + ka k ~ 1 aip (modp 2 ) 
1 (modp 2 ) 
1 (modp 2 ) 



•vv- ka, 



fc-i 




o 



^ ka k 1 a 1 = 



(*) 
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Since, a k Q = l(modp), we get a^ 1 = a Q ~ l {modp). Also k | p — 1 implies = 1. 

Therefore A; -1 exists, mod p. Therefore (*) can be written as 

1 — a k 

kdo^ai = (modp) 

P 

1 — a k 

di = k~ l a Q (modp) 

P 

a k — 1 

= k~ l a — (p — 1) (modp) 

P 

a Q is known, hence right hand side can be calculated and modulo p operation gives that, 
di G {0, 1, • • • ,p — 1}. Uniqueness of a\ follows from the fact that (*) is linear in a\. 

Example 3.4.5. Take p = 5. Given a Q we find a\ using above formula: 





k 


k~ l 


<~1 

V 


A 1 = k- 1 a ^—^{p-l) 
V 


ai = A\ (modp) 


1 


1 


1 











2 


4 


4 


3 


96 


1 


3 


4 


4 


16 


768 


3 


4 


2 


3 


3 


144 


4 
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To find a 2 using a D and a\ 
Given a k = 1 (modp) and 
(a + aip) fc = 1 (modp 2 ). 

Find a 2 G {0, 1, 2, • • • ,p — 1} such that (a Q + aip + a 2 p 2 ) k = 1 (modp 3 ). 

(a Q + a x p + a 2 p 2 ) k = ((a Q + a x p) + a 2 p 2 ) k 

= (a + aip) k + k(a Q + a^f' 1 a 2 p 2 

+ ^^ 1 (a + a 1 p) k - 2 a 2 2 p' + ... + (a 2 p 2 ) k 



= (a a + aip) k + k (a Q + aip) k 1 a 2 p 2 (modp 3 ) 



(a Q + aip + a 2 p 2 ) k = I (modp 3 ) 



<^> (a + aip) fc + fc (a + cnp) fc 1 a 2 p 2 = 1 (modp 3 ) 



^ k(a D + a x p) k 1 a 2 p 2 = 1 - (a c + aip) fe (modp 3 ) 



i i \k-\ 1 - (a G + aip) fc , 

■v^> k (a + aip) a 2 = t, (modp) (**) 

pi 

Since a Q + a\p = a Q (modp) 

=>- (a Q + aip) fe_1 = a^- 1 = a" 1 (modp) Therefore (**) can be written as 

, -i 1 - (a + , , v 

ka a 2 = (modp) 

_ ! 1 - (a + a lP ) k 

a 2 = k a D (modp) 

pi 

_ ,_i (a + axp) k - 1 

= fc a D 5 (p - I) (modp) 

pA 

a Q and ai are known, hence right hand side can be calculated and modulo p operation 
gives that, a 2 G {0, 1, • • • ,p — 1}. Uniqueness of a 2 follows from the fact that (**) is 
linear in a 2 . 
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Example 3.4.6. For p = 5, from the earlier table using values of a Q and a x we give here 
values of 02, using the formula k' 1 a Q - - — ^ (p — 1) (modp). 



a D 


a\ 


k 


Ar 1 


(a +aip) fe -l 


A 2 = k-W ao+a f- 1 (p-l) 


a 2 = A 2 (modp) 


1 





1 


1 











2 


1 


4 


4 


96 


3072 


2 


3 


3 


4 


4 


4199 


201552 


2 


4 


4 


2 


3 


23 


1104 


4 



To find a n , we use induction on n. 
suppose a , a±, a 2 , • • • , a n _i are known. Let x n = a Q + a x p + a 2 p 2 + • — h On-iP™ -1 be such 
that x k = 1 (modp n ). Then we prove that, there exists unique a n e {0, 1, 2, • • • ,p — 1} 
such that (a G + aip + a 2 p 2 + • • • + a n p n ) k = 1 (modp n+1 ). 
Let x„ + i = a G + aip + a 2 p 2 H h a n p n . 



x 



n+l 



X 



n+l 



&x k + kx k n 1 a n p n 
<^> kx k n ~ l a n p n 



(x n + a n p n ) k 

x k n + kx k - l a n p n + x k - 2 alp 2n + ■■■ + (a n p n ) k 

x k + kx k n ~ l a n p n (modp n+1 ) 

1 (modp n+1 ) 

1 (modp n+l ) 

1 - {modp n+1 ) 
I- x k 



p<- 



k-1 



(modp) 



* * * 



Since x n = a Q (modp) we get x 



Therefore (* * *) can be written as 



a Q 1 (modp) 



k a a a n 



x 



p" 



— (modp) 



a n = k~ l a n —^(modp) 



k l a, 



p" 

p n 



(p — 1) (modp) 



a Q , cli, • • • , a n _i are known, hence right hand side can be calculated and modulo p opera- 
tion gives that, a n G {0, 1, • • • ,p — 1}. 
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Uniqueness of a n follows from the fact that (* * *) is linear in a n . Therefore, Teichmiiller 
units are fixed once their constant term is known. 

□ 

Example 3.4.7. Using above procedure, suppose a = a Q + ai5 + a 2 5 2 + • • • is the Te- 
ichmiiller unit in the ring of 5-adic integers, Z(5) having constant term 2. With the help 
of 'SAGE 7 we have calculated first few ai 's as follows: 



a Q 


a 1 


a 2 


a 3 


(I4 


a 5 


a 6 


a 7 


a 8 


a 9 




2 


1 


2 


1 


3 


4 


2 


3 





3 


2 


a n 


an 


ai3 




015 


aie 


air 


ais 


aig 


^20 




2 





4 


1 


3 


2 


4 





4 


3 


4 



Recall that, we have given the structure of the group of units of Z(p) in theorem 13.4.21 
But now we express U = Z?\ as an internal direct product of its subgroups. 

Theorem 3.4.8. Lei [7 be the group of units o/Z/p), and V 6e t/ie group of Teichmiiller 
units of Z( p ). T/ien /or p an odd prime, U is an internal direct product of V and U\. 
ii) forp = 2, U = U\ and U\ is an internal direct product of V and L^- 

Proof, i) Let p be an odd prime. We have a map from U to Z* which maps x = x Q + 
Xip + X2P 2 + ■ ■ • to x Q . Since a; is a unit in Zw, constant term x is non-zero. Therefore 
the map is well-defined. Since Z* is a group under multiplication with 1 as identity, we 
get Ui is the kernel of above map. Therefore we get an exact sequence 

Ui^u ^z; = z p _i. 

Since we also have a map from Z* to U given by x Q goes to the Teichmiiller unit having 
constant term x Q . So the composition map from Z* — > U — > Z* is identity. Therefore 
above exact sequence splits. Hence U = U\ x Z*. As Z* is isomorphic to V the group of 
Teichmiiller units, Z7 is an internal direct product of U\ and V. 

ii) Let p = 2. Then x = x + Xip + X2P 2 + ■ ■ • is a unit if and only if x Q = 1. Therefore, C/ = 
f/i. As in the earlier case, define a map from Ui to Z 2 given by 1 + 2(a; + 2x 1 + ■ ■ • ) 1 — >■ x . 
This is a group homomorphism having kernel U2 = {1 + 2x G [711x0 = 0}. Therefore we 
get an exact sequence 

U 2 ^U^ z 2 . 
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Since we also have a map from Z 2 to JJ\ given by i— \ 1 and 1 i-> X)°l 2\ ^° ^ ne 
composition map from Z 2 — >■ £A — >■ Z 2 is identity. Therefore above exact sequence splits. 
Hence U\ = Z 2 x [/ 2 . As Z 2 is isomorphic to V the group of Teichmiiller units, U\ is an 
internal direct product of C/ 2 and V. □ 

Remark From theorem 13. 4. 21 and theorem I3.4.8[ for an odd prime p we see that, 
must be isomorphic to Z( p ). For p = 2, U 2 is isomorphic to Z( 2 ). 

Note 3.4.1. In the appendix we will prove that exp : p'Lu) — > U\ and log : XJ\ — > p^u) 
maps are group homomorphisms and are inverses of each other. In fact, we will prove 
this in more general set up namely, formal power series ring over rationals Q[[x]]. We 
note here some important results from the appendix which we will require for our work. 

Definition 3.4.9. Let p be an odd prime. 

exp : p Z(p) — ► 1 + p Z(p) 

(px) 2 (px) n 
px i y 1 + px + ^-f- + ■■■ + + ■■■ 

2! n! 

Series on the R.H.S. above is convergent in p-adic integers iff valuation of the n th term 
goes to infinity as n — > oo. 

v p ((px) n ) > n 

We have de Polignac's formula which gives maximum power of a given prime dividing n\. 
Proof of de Polignac's formula can be found in [S] page 182. 



v p (n\) = 

i=l L 

oo 



i=l 

n 



V 
n 
P' 



p — 1 

( T)x ) n \ n n 

; — ) = v p(p x ) u — v p (n\) > n . As n — > oo, 

n\ J ' ' p — 1 p — 1 



Therefore exp map is well defined. 
Definition 3.4.10. Let p be an odd prime. 

log : 1 + p Z(p) — ► p Z(p) 



^ px _M! + ... + (_i)«+i (^)" 
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(px) n 

Again the series on the R.H.S. is convergent if and only if valuation of goes to 

n 

infinity as n goes to infinity. As v p (n) < n, and for the subsequence n& = p k , we have 



(px) p 



v p(p ) — k. So v p ^ — ^ — J > p — k. As p — k goes to infinity when k — > oo, we get 
/ (p X ) pk \ 

v„ : — — > oo when k — > oo. Therefore log map is well defined. 

\ P k J 

Theorem 3.4.11. logoexp = I p z (p y 

Theorem 3.4.12. Let p be an odd prime. The maps exp : pZ( p ) — > U\ and log : U\ — > 

P%j( p ) are group isomorphisms. 



Proofs of above two theorems are discussed in more general context of Q[[^]], in ap- 
pendix B. Appendix can be referred only when p is an odd prime. We consider the case 
p = 2 separately. 

exp and log map for 2-adic integers: 

In contrast with the case of odd prime, exp map is not defined on Ui = 1 + 2 Z( 2 ). But it 
is defined on U 2 = 1 + 2 2 Z( 2 ) . 

Definition 3.4.13. 

exp : 2 2 Z (2 ) ->• 1 + 2 2 Z (2) 

.2 , 02 (2 2 a;) 2 (2 2 x) n 

2! n\ 

Definition 3.4.14. 

log : 1 + 2 2 Z (2) -> 2 2 Z (2) 

l + 2 2 x ^ 2 2 x-^£ + --- + (-ir +1 ^^---- 

2 n 

Calculations as we have done in definitions 13.4.91 and 13.4. 10} will also work here, and 
we will get above two series on R.H.S. are convergent in Z( p ). Proofs of exp and log are 
group isomorphisms is as same in case of p an odd prime. Hence refer appendix B. 
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3.5 Structure of Q^/Q^* 

We denote the set 1 + p fc Z( p ) by Uk, k > 1. In the previous section, we have proved that, 
the log map gives group isomorphism from U\ to pZ(p). In this section we will prove that, 
multiplicative group Uk is isomorphic to the additive group p k Z( p ) by the log map. We 
shall also discuss about the map <pk '■ U\ — > U k +i given by x \- > x k . 

Theorem 3.5.1. The log map is an isomorphism from the group (Uk,*) to the group 
(/Z (p) ,+). 

Proof. Consider the restriction of log map on Uk = 1 +p k Z( p ). Let 1 +p k x be any element 
of U k . Then 

log(l + p k x) = p k x - ^2 + + (_ ir i(E^ _ . . . 

Clearly, R.H.S. of the above equation belongs to p k Z( p y Therefore, \og(U k ) C p k Z( p y 
For the reverse way, take the restriction of the exp map on p fe Z( p ). Let p fc a; be any element 
of/Z (p) . Then, 

exp(p k x) = l+p k x+ +■■■+ f +■■■ 

21 n\ 

Then, R.H.S. of the above equation belongs to 1 +p k Z( p y Therefore, exp(p k Z( p )) C 1 + 
p fc Z( p ). Since, log : l+pZ( p ) — > pZ( p ) and exp : pZ( p ) — >■ l+pZ( p ) are one-one maps, there 
restrictions are also one-one. Hence, log^ : U k — > p k ^( P ) and exp| k ^ : p k Z( p ) — >■ C4 
are bijections. These maps are also group homomorphisms follows from exp and log are 
homomorphisms. □ 

Corollary 3.5.2. 

0fc : Ui — > U k 



p*-i 



an isomorphism of groups. 

Proof. If a = then using binomial theorem, 1 = l+p fe_1 p:r-|-- • 

This element belongs to Uk- Therefore, the map 4>k is well defined. 
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From the above theorem, (Ui,*) = (pZ( p ),+) and (£4,*) = (p fc Z( p ), +). Therefore, we 
have following commutative diagram: 

Ui *U k 

pZ {p) ^ p k Z(p) 

0^ induces the map ipk '■ P^{p) — > P k Z( p ) given by i— >■ p fc x. If ipk( x ) — P kx — then 
x = 0. Therefore, ipk is one-one. Hence, (pk is also one-one. Clearly, ipk is an onto 
map. Therefore in the above commutative diagram all four groups are isomorphic to each 
other. □ 

Now we will discuss the maps x i— > x k on Qt x for fc > 1. The case /c = 2 is important 
in number theory, in connection with the theory of quadratic forms. 

Let Q(p) be a field of p-adic numbers. Recall that, every non-zero element of Q( p ) can 
be uniquely written as p n u where n G Z and u G £7 is a unit in Z( p ). From the theorem 
I3.4.8[ we know the structure of U, the group of units of Z( p ). From the theorem 13.4. 121 we 
get (by the log map) Ui = 1 + pZ( p ) = pZ( p ) But (pZ( p )+) is isomorphic to (Z( p ), +) by 
the map px >-)■ x. For p = 2, C/i = Z 2 x [7 2 and by the log map (C/ 2 , *) = (2 2 Z( 2 ), +). Also 
(2 2 Z (2) ,+) = (Z (2) ,+) (by the map 2 2 x ^ x.) Therefore, structure of Q* {p) = Q (p) /{0} 
can be described as follows: 

Q( P) = Zxf/ 

= Z x 'Zp— i x Z( p ) 
Q^ 2) = ZxZ 2 xZ (2) 

Let k be any natural number. Define a map 

<p k :Q* ip) -»- Q( P) 
x \-> x k 

We find the structure of Q( p) /Q* p) fe . For this we will use the structure of Q* p ^ stated 
above. We first study <pk on Z, Z p _i, Z( p ). Under the map (pk we will find the image, 
kernel, cokernel for the maps on Z, Z p _i, Z( p ). Calculations involved in it are trivial hence 
we omit them. 



p = odd prime. 
p = 2. 
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1. 

<P\:Z Z 
x i — ^ kx 

Then, 

(a) 7m 0^ = kZ 

(b) A;er0i = {O} 

(c) Z//m0i=Z fc 

(d) Z/kercg = Z 

2. For p is an odd prime. 
Then, 

(a) 7m 0^ = Z^j where d\ 

(b) A;er 0^ = Z^ 2 where d 2 

(c) Zp-x/kercfl = Z dl 

(d) Z p - 1 /Im<ft = Z th 

For p = 2 
Then, 

(a) 7m (f>l = {0} if k is even. 
7m 0| = Z 2 if A; is odd. 

(b) ker (p 2 k = Z 2 if k is even. 
ker 4> 2 k = {0} if k is odd. 



p — 1 

(p-i,*0 



(fil Z 2 — >■ Z 2 
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(c) Z 2 /ker<f)l = {0} if k is even. 
Z 2 /ker(f)l = Z 2 if k is odd. 

(d) Z 2 //m^ = Z 2 if k is even. 
Z 2 //m02 = {0} if A; is odd. 

4>\ : Z(p) -> Z (p) 
x ^ kx 

i) If (A;,p) = 1, then A; is a unit in Z( p ). Therefore /cx = implies x = 0. 

(a) Im <pl = Z(p) 

(b) A;er0 3 fc = {O} 

(c) Z (p) //m0i = {O} 

(d) Z {p) /ker(pl = Z (p) 

ii) Suppose (£;,£>) 7^ 1, then A; = p m l where p \ I. Then, kx = o =>- p m /x = =>- 
p™ x = x = 0. 

(a) Im<Pl = p m Z {p) 

(b) A;er0| = {0} 

(c) Z(p)/Im(f)l = Z p m 

(d) Z {p) /ker4>l = Z (p) 
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We summarize above three points in the following table. Notation in the table, 
p — 1 

i) di = , _ 1 k y U) d 2 = {p- 1, k), 
Hi) m is such that, k = p m l and p \ I. 
In (fil, p can be even or odd prime. 



<p{ : X ->■ Y, x !->■ A;x 


Im 


ker 


X/ker 


Y/Im 


0* : Z ^ Z 


kZ 


{0} 


Z 


Z k 


0^ : Z p _! — >■ Z p _i, p odd prime 


z dl 


z rf2 


z dl 


z rf2 


0^ : Z p — )• Zp, p = 2, k even 


{0} 


z 2 


{0} 


z 2 


0^ : Zp — >■ Zp, p = 2, k odd 


z 2 


{0} 


z 2 


{0} 


0| : Z ( p) ->■ Z ( p), = 1 


Z ( p) 


{0} 


Z ( p) 


{0} 


01 : Z ( p) ^ Z ( p), (/c,p)^l 


p m Z (p) 


{0} 


Z ( p) 





Combining all the results in the above table , we state following theorem: 
Theorem 3.5.3. Define the map 

fc :Q(p) Q( P ) 

T/ien, /or an odd prime p, 

1. Imfa ^kZx Z dl x Z ( p) i/(ifc,p) = 1. 
Im<i) k = kZxZ dl x p m Z {p) if (k,p) ^ 1. 

5. A;er0 fc = {0} x Z d2 x {0} Z d2 . 

5. Qyker<f) k ^ZxZ dl x Z (p) . 

4. qyimfa = z k x z d2 x {o} i/ = i. 

Q* p) //m0, = Z fc x Z, 2 x Z pm if (k,p) ± 1. 
For p = 2 and k even, 

1. Im<f) k = kZx {0} x Z(p) 

2. A;er0 fe ^{O}xZ (i2 x{O} = Z (i2 . 
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3. Ql p) /ker<f) k ^Zx {0} x Z (p) . 

4. QLJlm (j) k = Z fe x Z 2 x Z 2 m ifk = 2 m l and 2 \ I. 

For p = 2 and k odd, 

1. Im<j)k — kZ x Z 2 x Z(p). 

2. fcer0 fc = {0} x {0} x {0} S {0}. 

5. Q^er^ = ZxZ 2 xZ (p) . 
^ Q^/Im^Z* x {0} x {0}. 

From the above theorem, let us note the structure of Q* p ^/Q*^ k explicitly: 

Theorem 3.5.4. Let k = p m I where p\l. 
For p an odd prime. Let <i 2 = (p — 1, k). 

1. If (k,p) = 1 then Q* (p) /Ql p) k = Z fc x Z d2 . 

2. If (k,p) y£ 1 then QyQ* (p) k = Z fc x Z d2 x Z p ™ 

If p = 2 i/ien, 

1. /or k even, Q\ p) /% k = Z fe x Z 2 x Z p ™ 

2. for k odd, Qfo/Qfo* - Zfc 

Corollary 3.5.5. Lei k = 2 in the above theorem. Then 
Q* (p) /Q* p) 2 = Z 2 x Z 2 ifp is an odd prime. 
%)/%) 2 = Z 2 x Z 2 x Z 2 . 

This special case k = 2, is an important statement of quadratic forms in number 
theory, cf. [5J. 
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p-ADIC SOLUTION OF a x = b 

THIS chapter is devoted to the main problem of our study and some important examples 
of our theorems. The equation a x = b can be considered in different systems, and accord- 
ingly the solution space will also change. More explicitly, for a, b positive real numbers, 
solution is given by x log a = log b, hence x = log bj log a if a ^ 1. 

Our aim is to find the solution of a x = b {modp n ) as n varies in natural numbers and 
study the distribution of these solutions, for fixed integers a, b and prime p. If x n denotes 
solution of this congruence mod p n , we show that, as n varies x n takes the form of p-adic 
integers and the sequence x n is convergent in the p-adic integers. If {x n } — > x Q in p-adic 
integers, we say that, x Q is the solution of a x = b in Z( p ). 

We will start with a and b natural numbers and try to extend the domain of a, b to 
wider subset of p-adic integers. Throughout, we assume that, p is a prime number, a and 
b whenever integers are coprime to p and a ^ 1. We divide the work of finding solutions 
of a x = b in 3 sections: 

1. a and b are integers both are coprime to p and 1 

2. a and b are p-adic integers both are elements of Ui and 1 

3. a and b are units in p-adic integers and a is not congruent to 1 mod p. 

Since p-adic integers (Z( p )) is defined as projective limit of Z p «, which means that, Z( p ) 
is a collective way of thinking all Z p n's. Hence, 
a x = b in p-adic integers if and only if a x = b (modp n ) for every n. 
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4.1 Solutions of a x = b(modp n ) as n — > oo 
for a, & G Z and (a,p) = (b,p) = 1 

In this section we prove that if the solutions of the congruence a Xn = b (modp n ) exists for 
all n, then x n 's take the form of p-adic integers. 

Proposition 4.1.1. Let p be an odd prime. If a ^ 1, (a,p) = 1 and order of a in Z* is 
x a then order of a in Z*„ is of the form x n = x a p kn where k n — >• oo as n — >■ oo. 

Proof. Let p be an odd prime. 

Case 1: Let a = 1 (modp). We know that Z*„ is an internal direct product of its Sylow-g 
subgroups, q \ p — 1, and the group generated by 1+p. Since a = 1 (modp), a must belong 
to < 1 +p > . If a is of the form 1 +p k l where p \ I then order of a in Z*„ is p n_fc . Therefore 
in this case, we get x n = p n ~ k . Hence k n = n — k which goes to infinity as n — > oo. 
Case 2: Let 1 (modp). Write a = a\ * a 2 where ai G Zp„! and a 2 G < 1+p > . Then 
order of a\ in Z p _i is same as order of a in Z* namely x Q . By the earlier case order of a 2 
is p fen and k n goes to infinity as n — > oo. Since order of ai is coprime to p, we get order of 
a = ai * a 2 in Z*„ is x Q p kn . 

□ 

Proposition 4.1.2. Suppose a is coprime to p and order of a in Z* is x Q . Then 

i) there exists a largest natural number k such that, order of a in Z* ; Z* 2; • • • , Z* fc is fixed 
number x a . 

ii) Order of a in Z*„ is x p n ~ k for all n > k. 
Proof. Let p be an odd prime. 

i) Let order of a in Z* be x Q . From the proposition I4.1.1[ order of a in Z*„ cannot be 
same for all n. Therefore there exists a smallest natural number k + 1 such that order of 
a in Z* fe+1 is not x Q . This implies order of a in Z*, Z* 2 , • • ■ , Z* fc is x G . This k itself is the 
largest natural number k such that, order of a in Z*, Z* 2 , • • ■ , Z* fe is fixed number x Q . 

ii) As order of a in Z*, Z* 2 , • ■ ■ , Z* k is x , we get a Xo = 1 + 

Order of a in Z p k+i is not x Q , therefore p does not divide /. Now to prove that, order of a 
in Z*„ is x p n ~ k for all n > k, we prove: 
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1. a x ° pn k = 1 [modp n ) and 

2. a 3 ^" - _1 7^ 1 (modp n ) 

a Xopn ~ k = (l+p k l) pn 



Also, 



1 + p n-k p k l + P ^_ ^ p 2k t 2 + . . . + (pfc/)P " 

X + p nj + P n+fc (p n " fc -l) f 2 + . . . + (p* Z )P»-* 

1 (modp n ) 



a Xopn k 1 = l+p n - 1 Z(modp n ) 



Since, p does not divide Z, we get a XoP " 1 ^ 1 (modp n ). 
Therefore, order of a in Z*„ is p ra_fc . 

For p = 2, a must be an odd integer. Therefore x Q = 1. If a = 1 + 2 k I and 2 { Z, we 
get a = 1 (mod2 n ) for 1 < n < fe. Therefore order of a mod 2 n is 1 for 1 < n < k, For 
n > k, above proof by binomial theorem works, after replacing p by 2. □ 

Example 4.1.3. (Gauss) Let p = 29 and a = 14. T/ien order of 14 in Z^g and in is 
28. i.e. 28 is the smallest positive integer such that, 

14 28 = 1 (mod 29) 

14 28 = 1 (mod 29 2 ) 

5nt 14 28 = 14298 (mod 29 3 ) . From the above theorem, order of 14 (mod 29") is 28 * 29 n ~ 2 
for all n > 2. 

Remark Existence of largest number k in part (i) of proposition 14. 1 . 21 is a special property 
of integers. Instead if we take a as a Teichmiiller unit not equal to 1, having order x D 
then order of amodp n is x D for all n > 1. Hence k is oo in this case. 
From pr op osit ion 14.1.2] we observe that, as n varies in natural nos. order of a in Z*„ can 
not be of the form x Q , x Q , x Q p, x p, x a p 2 , x Q p 3 , x D p 3 , ■ ■ ■ 

Theorem 4.1.4. Let p be a prime. Let a, b be integers coprime to a prime p and a ^ 1. 
Let x n denote the smallest positive solution of the congruence a x = b(modp n ). If x n exists 
for all n > 1 then the sequence {x n } converges in p-adic integers. 
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Proof. We give a combine proof for p = 2 and p an odd prime. Let x n and x n+ i be the 
smallest positive integers such that, 

a Xn = b(modp n ) 
a Xn+1 = b{modp n+1 ) 

Then, clearly, x n+1 > x n . 

a Xn+1 - a Xn = (modp n ) 
a x n ( a x n+ i-x n _ !) = o [raodp n ) 

Since a and p are coprime, p n \ a Xn . Therefore, 

a x n+1 -x n _i= Q ( mo d p n ) 
a x n+1 -x„ = i (modp n ) 

Therefore, order of a {modp n ) divides x n+ \ — x n . 

We will show that, as n — > oo powers of p dividing x n+ \ — x n also goes to infinity. 
Suppose k is the largest integer such that order of o is same in Z*, Z*2, • ■ ■ , Z* fe say x Q . 
Then 1 < x < p — 1. By proposition I4.1.2| order of a in Z*„ is x p n ~ k for all n > k. We 
have x a p n ~ k divides x n+ i — x n . For n > 1 we have 

™ I ; ™ „A:+n-2 , 7 fc+n— 1 



= X k + IkXoP + k+lXoP 2 H h lk+n-\XoP k+n 1 

Write the p-adic expansion of all Zj's then we get, as n — » oo, powers of p dividing x n — x„„i 
also goes to infinity, for n > k. Hence the sequence {x n } converges in p-adic integers. □ 

Example 4.1.5. Conside r the crucial example for the above discussion 
(-3) x = 5(mod2 n ) 

So, p = 2, a = —3, 6 = 5. We look for the (2=p)-adic solution of the equation 
(-3) x = 5. 

-3, 5 G Zgn. We will prove that, < -3 >=< 5 > in 7L\ n . 
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order 5 = 2 n ~ 2 proved earlier, 
order —3 = 2™~ 2 

Proof: Write —3 as 1— 2 2 . Since, 5 = l + 2 2 ; binomial expansion of(l — 2 2 ) r and (l + 2 2 ) r 

differs only in sign at even places. 

As 

5 2 "" = (1 + 2 2 ) 2 "- 2 
= \(mod2 n ) 
^(_3) 2 "" = (l-2 2 ) 2 ^ 2 
= l(mod2 n ) 

and 

= 1 + 2 n - 1 (mod2 n ) 
^(-3) 2 "~ 3 = 1 -2 n ~ 1 (mod2 n ) 
^ \(mod2 n ) 

Therefore, order of —3 = 2™ -2 . 

We now prove that, < —3 >=< 5 > in Z^. 

Proof: 1. Order of -3 = 2 n ~ 2 
(_ 3 )2- 2 = i( mo d2 n ) 

((-3)(-l)) 2n_2 = \{mod2 n ) 
and (-3) 2n_3 = 1 - 2 n - x (mod2 n ) 

3 2 "~ 3 = (-l) 2n_3 (l - 2 n - r ) = 1 - 2™- 1 ^ 1 (mod2 n ). 

Therefore, order of 3 is 2 n ~ 2 . 

2. We see that, < 3 >^< 5 > in Z* 2n . 
because, if 3 G< 5 > then 3 = 5 k for some k. 
5 = 1 (mod A) =^> 5 fc = 1 (mod A) 
but 3 = — 1 (mod 4) and —1^1 (moo? 4) 
Therefore, 3 <£< 5 >. 

Therefore, we have < 3 >, < —3 > and < 5 > are 3 subgroups of order 2 n ~ 2 in 7L\ n 
and < 3 >^< 5 > . 
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From the structure o/Z^n, 
7h\ n = Z 2 x Z 2 n-2 ; there are exactly 2 distinct subgroups of order 2 n ~ 2 for n > 3. 

Hence we must have, < —3 >=< 3 > or < — 3 >=< 5 >, and both cannot be true. 

If < 3 >=< -3 >, then 3 G< -3 >^ 3 = (-3) fc for some k. 
-3 = 1 (mod A) (-3) k = 1 (mod 4) 
But 3 = -1 (mod 4). 
=>• 3 i< -3 > . 

Therefore, < — 3 >=< 5 > must fre trne. □ 

We have obtained the actual solution of (— 3) Xn = 5 (mod2 n ) 
forl<n<10 using MATHEMATICA. 



n 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


•En 


1 


1 


1 


3 


3 


11 


11 


11 


11 


11 



Hence, 2-adic expansion of 
%i = x 2 = x s = 1 = 1 * 2° 
X4 = x 5 = 3 = 1 + 1*2 
x 6 = x 7 = x$ = x 9 = x w = 1 + 1 * 2 + 2 3 . 

Using another software SAGE we can directly find p-adic solution to above congruence 
(— 3) x = 5(mod2 n ). Solution is given by 
x = 1 + 2 + 2 3 + 2 8 + 2 10 + 2 11 + 2 12 + 2 13 + o(2 18 ) 

Example 4.1.6. Let p = 5, a = 2 and 6=1. W^e /ooA; for the non-zero solution of 
2 Xn = 1 [rnodW 1 ). i.e. we find the order of 2 in the multiplicative group Zg„. 
In the following table x n denotes the order of 2 in Zg„. These calculations are done with 
the help of 'SAGE'. 



n 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


x n 


4 


4*5 


4*5 2 


4* 5 3 


4*5 4 


4*5 5 


4*5 6 


4*5 7 


4*5 8 


4*5 9 



In general, order of 2 in l*l„ is 4 * 5 
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We prove this using binomial theorem: For n > 1, 
Step 1: = \{modh n ) 

Step 2: 2 4 * 5 "~ 2 ^ 1 {modh n ) 

Proof. 2 4 * 5 "- 1 = (2 4 ) 5 "" 1 = 

16 5 "- 1 = (l + 3*5) 5 ^ 

crn— l/crn— 1 i\ 

= l + 3*5*5 n - 1 + - K - ^(3*5) 2 + --- + (3*5) 5 

Z 

= 1 + 3*5"+ 5 " 1 - * 3 * 5" + • • • + (3 * 5) 5 " -1 

Z 

= \{modh n ) 
16 5 "- 2 = (l + 3*5) 5n ~ 2 

crn— 2/crn— 2 i\ 

= l + 3*5*5 n ~ 2 + - ^- ^(3*5) 2 + --- + (3*5) 5 

z 

= l + 3*5 n - 1 (mod5 n ) 
y£ l(modh n ) 

Therefore, 2 4 * 5 "~ 2 ^ 1 (mod5 n ) but 2 4 * 5 " -1 = 1 {modh n ). 
Therefore order of 2 in 7L\ n is 4 * 5 n_1 . 
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Example 4.1.7. Let p = 5 and a = —2, 6 = 3. 

We have used 'SAGE' to find first few coefficients of the 5-adic solution of (— 2) x = 3. In 
the following table, x n is the smallest positive integer satisfying the congruence (—2) Xn = 
3(mod5 n ). 



n 




5-adic expansion of x n 


i 


i 


i 


2 


17 


2-1-3*5 


3 


57 


2 + 5 + 2 * 5 2 


4 


357 


2 + 5 + 4* 5 2 + 2* 5 3 


5 


1857 


2 + 5 + 4* 5 2 + 4* 5 3 + 2* 5 4 


6 


14357 


2 + 5 + 4* 5 2 + 4* 5 3 + 2* 5 4 + 4* 5 5 


7 


14357 


2 + 5 + 4* 5 2 + 4* 5 3 + 2* 5 4 + 4* 5 5 


8 


201857 


2 + 5 + 4*5 2 + 4* 5 3 + 2* 5 4 + 4* 5 5 + 2* 5 6 + 2*5 7 


9 


1139357 


2 + 5 + 4*5 2 + 4* 5 3 + 2* 5 4 + 4* 5 5 + 2* 5 6 + 4* 5 7 + 2* 5 8 


10 


5826857 


2 + 5 + 4* 5 2 + 4*5 3 + 2* 5 4 + 4* 5 5 + 2* 5 6 + 4* 5 7 + 4*5 8 + 2* 5 9 



We observe from the above calculations that, coefficient of 5 n becomes eventually con- 
stant. 

4.2 a, b G t/i if p odd prime 

a, 6 G C/ 2 if V = 2 

Recall U n denotes the set 1 + p n Z( p ). Let a,b be elements of 1 + pZ( p ) and a ^ 1 and p 
be a fixed prime. As p \ a and p f b, we get a (modp n ), b (modp n ) both are units in the 
ring Z p n. We have seen the structure of Z*„: 

Z* 2n = Z 2 x Z 2 n- 2 /orn > 2. 

Z;„ = Z p _x x Zpn-i /orn > 1, 

where p is an odd prime. Let A n and B n be the subgroups of Z*„ such that, A n 
is isomorphic to Z p _i (orZ 2 ) and B n is isomorphic to Z p n-i (or Z 2 n-2). Then Z*„ is a 
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canonical internal direct product of A n and B n . Note that, for p = 2, this internal direct 
product is NOT canonical, since the subgroup of order 2 is not unique. However, if we 
allow ourself to represent elements of Z ra by negative integers then < — 1 > is a canonical 
choice for subgroup isomorphic to Z 2 . Then 7L\ n is a canonical internal direct product of 
< -1 > and < 3 > . 

Taking projective limits of these isomorphisms, we get, 

^(2) — ^2 X Z( 2 ) 

U = Z* (p) ^ Z p _! x Z (p) 

We use the method of logarithm to find the solution of a x = b in p-adic integers. 
We have already mentioned that, if p is an odd prime, log of p-adic integers is defined 
from 1 + pZ(p) — > pZ(pj. Hence finding log of a and b make sense. We will prove the 
existence of p-adic solution later. [Adhoc proof: If a x = b then a; log a = log b.} Suppose 

oo oo 

x = '^^Xip 1 G Z( p ) denote the solution of a x = b in Z( p ). Let a = 1 + ^^a^p 1 and 

i=0 i=l 
oo 

b = 1 + fr^p* where a iy hi G {0, 1, • • • ,p — 1}, be the p-adic expansions of a and b 

i=i 

respectively. 

log function is defined as follows: 

log : 1 + p Z(p) — > p Z(p) 

(pa;) 2 (px) 3 

1 ~f- px i — ^ px 1 • • • 

2 3 

( T)X } n 

Since valuation of goes to infinity as n — > oo, series on the R.H.S. is convergent in 

n 

Z(p). 

We want to find Xi G {0, 1, • • • ,p — 1} such that, 

x log a = log 6 



(J^XiP*) log (1 + a iP') = ^Og(l + J2 b iP') 

i=0 i=l i=l 

oo oo oo 

((s + xip + x 2 p 2 + •••)( E ai P l - ^E + 3E a ^') 3 ) 

j=l i=l i=l 

00 1 00 1 00 

= (E^ i -^E^) 2 +^E 6 *p < ) 3 ---) 

i=l i=l i=l 
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We can find Xi by comparing coefficients of p l+l on both sides. 
For example: Comparing coefficients of p we get, 

a\X = bi 

If ai 7^ then a^ 1 exists in Z p . So x a = a^bi. 

If ai = then b\ has to be zero. Therefore x Q can take any value from to p — 1. 

Comparing coefficients of p 2 we get, 

x Q a 2 + X\a\ - -x a\ = b 2 - ~b\ 

If ai 7^ then substituting value of x Q , 

a{ x bxa 2 + x\a\ - ^a x b\ — b 2 — ^fr 2 

X x 
x x = aj" 1 (b 2 - -b\ - al x b x a 2 + -a x bx) 

If a\ = (=>• 6i = 0) then we get x D a 2 = b 2 which do not give any condition on x\. 
Hence if a\ = then x\ can take any value from to p — 1. 
and so on. 

Recall from definition I3.4.14[ if p = 2 then log is defined from 1 + 2 2 Z( 2 ) to 2 2 Z( 2 ). 
All the above calculations work similarly as in case of odd prime p. 

For our further results we recall some earlier notations: Z*„ is an internal direct 
product of A n and B n . 

If p is an odd prime then A n = Z p _x and B n = Z p n-i for n > 1 
If p = 2 then A n = Z 2 and S„ = Z 2 n- 2 for n > 2. 

Proposition 4.2.1. Lei p 6e an odd prime. Let a ^ 1 be an element ofU\. Then index 
of group generated by a (modp n ) in B n (= Z p n-i) is eventually constant, 
ii) Let p = 2. Let a ^ 1 be an element ofU 2 . Then index of group generated by a (mod2 n ) 
in B n (= Z 2 n-2) is eventually constant. 

Proof. We give combine proof for both parts. Let a = 1 + p r a be the p-adic expression of 
a and p \ a. We prove that, a (modp n ) as an element of B n is of order p n ~ r for all n > r. 
i.e. to prove that, 

a pn ~ r = 1 (modp n ) 

and 

a pn " r_1 ^ 1 [modp n ) 
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If n = r, then a (modp n ) = 1, so the above statement is clearly true. 
For n > r + 1, we prove the claim by Binomial Theorem: 



(l+p r a) p 

^n-rf n-r _ i \ 

1 + p n ~ r p r a + ^ '-p 2r a 2 + ■■■+ p^ifaf ' 1 + {p r a) 1 

1 (modp n ) 



and 



n-r-l 



n-r-1/ n-r-1 _ -i \ 

1 + p n ~ r -y« + ^ ^-j -±p 2r a 2 + ■■■+ p n - r -\p r a) p - l + (p r a) pn 



= l+p n ~ l a^l{modp n ) 
Therefore, < a (modp n ) > C .£?„ is of order p n_r . 

Therefore index of < a (modp n ) > in B n is equal to = p r ~ l for all n > r. □ 

Proposition 4.2.2. If a ^ 1 is a unit in Z( p ) i/ien index of < a (modp n ) > in A n x S n 
zs eventually constant. 

Proof. Case 1: Let p be an odd prime. Every unit in Z( p ) can be uniquely written as 
a product of a Teichmuller unit and an element of 1 + p^( p ). Let a = a\a2 where a\ is 
Teichmiiller unit and a 2 G 1 + pZ( p y Since Z* p ^ is isomorphic to Z p _i x (1 +pZ( p )), 
group generated by a x is a subgroup of Z p _i. By the construction of Teichmuller unit, 
for all n > 1, order of a\ (modp n ) is equal to the order of a\. Therefore, index of group 
generated by a% (modp n ) in A n is constant. 

By the 14.2.1"] index of subgroup generated by a 2 (modp n ) in B n is eventually constant. 
Therefore, index of a (modp n ) in A n x B n (= Z p _x x Z p n-i) is eventually constant. 
Case 2: Let p = 2. Every unit in Z(2) can be uniquely written as a product of a Teichmuller 
unit and an element of Ui. Let a = a\a 2 where a\ is Teichmuller unit and a 2 G L^- Then 
ai can be either 1 or —1. If a\ = 1 then a = a 2 and by previous proposition we are done. 
If a\ = —1 then a\ (mod2 n ) is of order 2. Therefore < a\ (mod2 n ) >= A n . Hence index of 
< a imod1 n ) > in A n x B n is same as index of < a\ (mod2 n ) > in B n , which is eventually 
constant by previous proposition. □ 

Proposition 4.2.3. If p is an odd prime, let a, b G U\, and if p = 2 let a, b G U 2 , and 
a ^ 1. Let a = 1 +p r a. Ifb(modp n ) belongs to the group generated by a(modp n ) for 
some n > r then b (modp n ) belongs to group generated by a (modp n ) for all n > n Q . 
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Proof. From the above proposition [B n : < a (modp n ) >] and 
[B n : < b(modp n ) >] both are eventually constant. 

Therefore [< a (modp n ) > : < b (modp n ) >] is also eventually constant. □ 

Definition 4.2.4. Let a = 1 + p r a for some r > 1 if p is odd prime and r > 2 i/p = 2, 

and a G stzc/i t/iat p does not divide a. Define depth of a as r. We set depth of 1 as 
oo. 

Remark Depth of a is same as p-adic valuation of a — 1. 

Proposition 4.2.5. Let a,b G U% if p is odd prime and a, b G U2 if p = 2. Let depth 
of a be equal to r. Then a x = b has a solution in p-adic integers if and only if b (modp n ) 
belongs to group generated by a (modp n ) for some n> r. 

Proof. Following proof works for both cases of p. Let a = 1 + p r a, 6=1+ p s ft where p 
does not divide both a, (3. Suppose b {modp n ) belongs to group generated by a {modp n ) 
for some n > r. 

Then by proposition 14. 2. 3] we get b (modp n ) belongs to group generated by a (modp n ) for 
all n > r. For n > r, if 

a Xn = b (modp n ) 
a Xn+1 =b{modp n+1 ) 

then we have already shown that x n+ \ — x n is divisible by p n as n — > 00. Hence, sequence 
{x n } is convergent in the p-adic integers. Limit of this sequence is the solution of a x = b 
in p-adic integers. 

Conversely, Suppose x Q G is a solution of a x = b. Then, by the definition of a x = b 
we have a x = b(modp n ) for all n. i.e. b(modp n ) belongs to the group generated by 
a(modp n ) □ 

Example 4.2.6. Let p be an odd prime. Ifa = l+p 2 andb = 1+p then a x = b(modp n ) 
has solution only when n = 1. Because, 1 + p is a generator of Z p n-i C Z*„. Whereas 
a = 1 + p 2 is of order p n ~ 2 in Z*„ . Therefore, < a > is a proper subgroup of < b >. 
Hence, a x = b (modp n ) cannot have solution for n > 1. 

Theorem 4.2.7. Let a,b G U\ if p is odd prime and a, b G U2 if p = 2 and a ^ 1. // 
depth of a < depth of b then solution of a x = b exists as a p-adic integer and it is given 
by x = log bj log a. 
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Proof. First part of the proof works for both odd and even primes p. Let a, b G U\ if p is 
odd prime and a, b e t/2 if P = 2. We can write 

a = 1 + j9 r o; where p\ a 

6 = 1+ p s (3 where p \ j3 

For 1 < n < r, we have a (modp n ) = 1 hence o(a) = 1 in Z*„ 

For n > r, we have a (modp n ) = 1 + j9 r A; where p \ k. 

Then o(a) = p n " r in Z;„. 

It has a trivial proof by Binomial theorem: 

Step 1: (1 +p r k) pn ~ r = 1 (modp n ) 

Step 2: (1 +p r £;) pn ~ r ~ 1 ^ 1 {modp n ) 

Similarly, for 1 < n < s, order of b {modp n ) is 1 and 

for n > s order of b (modp n ) is p n ~ s . 

Let x n and x n+ i be the smallest positive integers such that, 

a Xn = b(modp n ) 

a Xn+1 =b(modp n+1 ) 

Then, clearly, x n+ i > x n . Also, < x n < p n ~ 1 and < x n+ \ < p n . 
Therefore, < x n+1 — x n < p n . 

a Xn+1 - a Xn = (modp n ) 

a Xn (a Xn+1 ~ Xn - 1) = {modp n ) 
Since a and p are coprime, p n \ a Xn . Therefore, 

a x n+ i-x n _i = q (modp 11 ) 

a x n+1 -x n = 1 ( mo ^ p «) 

Therefore, order of a {modp n ) divides x n+ i — x n (*) 

We will show that, as n — )■ 00 powers of p dividing x n+ i — x n also goes to infinity. To 
prove this we will make 2 cases: 

1. < a (modp n ) > = B n and 2. < a (modp n ) > C B n . 
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Let p be an odd prime. 
Case 1: Suppose < a >= B n = Z p «-i. Therefore, order of a (modp n ) is p n ~ x . From (*), 
we get p n ~ l | x n+ i - x n . 

x n+l = x n + k n _ip n 

= X n -i + k n _ 2 p n ~ 2 + A^n-lK" 1 

= x n „ 2 + fc n _ 3 p n " 3 + k n _ 2 p n - 2 + k n ^p n - 1 

= Xl + k lP + k 2 p 2 + ■■■ + k n _ 2 p n ~ 2 + kn^p 11 - 1 

Where ki G {0, 1, • • • ,p — 1}. Hence x n+ i is a polynomial in p with coefficients in 
{0,1,- •• ,p-l}. 

Case 2: Suppose < a {modp n ) > C £>„. Let r n = order of a {modp n ). Recall, order of 
a (modp n ) divides x n+ i — x n (*) 
Then we get p Tn divides x n+ i — x n . 

Now, < x n+ i - x n < p n implies that < — — < p n ~ rn 

p rn 

•^n+l En k n p 

= + fc„_ip r "- 1 + k n p rn 

= x ± + k lP ri + k 2 p r2 + ■■■ + k n p rn 

Where fcj's are such that, < h < p n ~ rn . Then write the p-adic expansion of each ki. 
Hence we can write x n+ i as a polynomial in p with coefficients in {0, 1, • • • ,p — 1} 

Let p — 2. Above proof can be mimicked. The only change is, -B n is isomorphic to 
Z 2 n-2. Therefore order of a(mod2 n ) is 2 n ~ 2 in case 1 and 2 r ™, 12^~ 2 < n — 2 in case 2. 
Then further calculations are exactly same as in case of p odd prime. 
This proves the existence of the p-adic solution to a x = b. 

Further proof works for all primes p. Suppose depth of a is r and depth of b is s and 
r < s. As a, b G Ui, we get log a and log b make sense. Let a = 1 + p r o; and 6 = 1 +j9 s /3. 
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Then 

log& = + + + 

loga p r a _ S£o£. + . . . + (_l)n+l(^)!l + . . . 

p s - r (p r (3 ) 

(p r a) 2 i 

On the R.H.S. of the above fraction, constant term of the denominator is non zero. 
Therefore denominator is a unit in Z( p ). Hence log bj loga is a p-adic integer. □ 

Theorem 4.2.8. Let a, b e Z7i i/p is odd prime and a, b £ C/2 «/p = 2 and a^l. Tnen 
a x = b has unique solution in p-adic integers if and only if depth of a < depth of b. 

Proof. Following proof works for all primes p. Let a = 1 +p r a = 1 +p r (a r + a r+ ip +•••), 
a r 7^ and 

6=1+ p s f3 = 1 + p s (a s + a s+ ip + •••), a s 7^ and r < s. 

claim: There exists n a > r + 2 such that b(modp n °) belongs to the group generated by 
a (modp n °). 

Take n Q = r + s. We will show that, this n Q works! 

We have, constant term of a = a r + a r+ ip + ■ ■ • , is a r which is non-zero, therefore 
a = a {modp n °) is a unit in the ring Z p n . We denote by a" 1 the inverse of a in Z p n D . 
Then, 

a P-^«- 1 = (1 +/ a )P- r ^- 1 

= 1 + p s " r /3a-y a + ^"^"V-^- 1 ~ l) p2 r Q 2 + . . . + tf a y-*Pa-* 

Therefore, 6 = a pS 1 in the group Z* r+S . Also, r + s > r + 2. Since s > 2. For s = 1, 
r is also 1. Then order of a and 6 is same in Z*„ for all n. Therefore by Proposition 14.2.31 
and proposition 14. 2. 5] we get, there exists p-adic integer x such that a x = b. 
Conversely, Suppose there exists x G Z( p ) such that a x = b. 

Then a x = b (modp n ) for all n. Then clearly, depth of a < depth of 6. □ 

Theorem 4.2.9. p-adic solution of a x = b is a unit in Zm if and only if depth of a = 
depth ofb. 
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Proof. Suppose p-adic integer x satisfying a x = b is a unit. Let y — x 1 . Then 

{a x ) y = b y 
a = b y 
depth of b < depth of a 

Also, a x = b implies that, depth of a < depth of b. 
Therefore, depth of a = depth of b. 

Conversely, suppose, depth of a = depth of b. Therefore there exists p-adic integers x, y 
such that a x = b and a = b y . Therefore, groups generated by a, b in Z*„ are equal for all 
n. Hence the map o^a 1 from < a > to < a > is an automorphism for all Z*„. Hence x 
is a unit. □ 

We will see two examples one for p = 2 and other for p an odd prime. 



Example 4.2.10. 



(3 2 ) x = 5 2 (mod2 n ) 



Letp = 2, a = 3 2 , b = 5 2 . Then, (a,p) = (b,p) = 1. 
Therefore, 3 2 and 5 2 both are in 7L* 2n . 

From the previous example, < —3 >=< 5 > in Z^„. 

Therefore, —3 = 5 k for some k. 
(_3) 2 = 3 2 = 5 2k = (5 2 ) fe 
3 2 G< 5 2 > 
^< 3 2 >C< 5 2 > . 

Also, 5 G< -3 > 
=4> 5 = (— 3) fe for some k. 

5 2 = (-3) 2fc = 3 2fc = (3 2 ) k 

5 2 G< 3 2 > 
^< 5 2 >C< 3 2 > . 

Order of 5 = 2 n ~ 2 
^> order of h 2 = 2 n ~ 3 . 

Solution of the congruence (3 2 ) Xn = 5 2 {mod2 n ) is given by 
using MATHEMATICA: 
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n 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


16 


17 


18 


19 


20 


x n 


3 


3 


11 


11 


11 


11 


11 


267 


267 


1291 


3339 


7435 


15627 


15627 


15627 


15627 



2-adic expansion of follows: 
3 = 1 + 2 
11 = 1 + 2 + 2 3 
267 = 1 + 2 + 2 3 + 2 8 
1291 = 1 + 2 + 2 3 + 2 s + 2 10 
3339 = 1 + 2 + 2 3 + 2 8 + 2 10 + 2 11 
7435 = 1 + 2 + 2 3 + 2 s + 2 10 + 2 11 + 2 12 
15627 = 1 + 2 + 2 3 + 2 s + 2 10 + 2 11 + 2 12 + 2 13 . 

using SAGE: 

the 2-adic solution is x = 1 + 2 + 2 3 + 2 8 + 2 10 + 2 11 + 2 12 + 2 13 + 0(2 17 ). 
Example 4.2.11. 



'I _ pY = 1 + p {modp n ) 



Let p be an odd prime, a = 1 — p, b = 1 + p. Consider the congruence (1 — p) x = 
1 + p {modp n ). 

Then, in group Z*„, order of 1 + p and 1 — p is p n ~ l 

(proved earlier, on page 7.) (proof for order of 1 — p is also similar.) 

(p — l,p n_1 ) = 1 =^> Z* n is cyclic group. Therefore, for every divisor d of the order of the 
group Z*„, there exists unique subgroup of order d. Here orders of subgroups < 1 + p > 
and < 1 — p > are same, hence, they must be equal. 

< 1 — p >=< 1 +p >. Therefore, for every x G {1, 2, • • • , o(l — p) — p n ~ 1 }, there exists 
unique y G {1, 2, • • • , o(l +p) — p n ~ 1 } such that, (1 — p) x = (1 + p) y {modp n ). 

Fixy = 1. Letx n denote the solution of {1— p) Xn = 1+p {modp n ), x n G {1, 2, • • • ,p n_1 }. 
// we express each x n as x Q + X\p + x^p 2 + • • ■ with Xi G {0, 1, • • • ,p — 1}. 
Then we get a p-adic solution of (1 — p) x = 1 + p {modp n ) 
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=>- x In (1 — p) — In (1 + p) 

9 3 

, /, X P P 

ln(l-p) = -p- — - — 

-1 = (p-l) T ^ = (p-l)(l+p + P 2 + p 3 + ---) 

2 3 

ln(l-p) = (p + ^- + ^- + ...)((p-l) + (p-l)p+(p-l)pi + ...) 
p 2 p 3 

ln(l+p) = P~y + y 

Therefore, we can write, 
x In (1 — p) = In (1 + p) 

9 3 

/ 9 X / P P s 

(x + x x p + x 2 P H >( p + Y + Y^ ' 

2 3 

= ((P - 1) + (p - l)p + (p - l)p 2 + • • • ) (p - y + y )• 

We can find Xk by comparing coefficients of p k+1 on both sides. We show here, calcu- 
lation ofx ,Xi and x 2 . 
Coefficient of p gives 
x = p - 1 

Coefficient of p 2 gives 



f +Xl = - p -^ + (p-l) 

xi = 0. 

Coefficient of p 3 gives 

f + f +S 2 = 2fi- V + (P"1) 

Hence x = (p — 1) + * p + ^ * p 2 + • • • . 
Example 3(1): 
(-A) x = 6(mod5 n ) 

Here, p = 5, a = 1 — p = — 4, 6 = 1 + p = 6. 
VFe /lave already seen that, if p is a prime then groups generated by 1 — p and 1 + p are 
egna/. 

i/ere, < —4 >=< 6 > C Zg„ /or all n. Therefore, for every n, there exists x n G 
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{1,2, ••• ,5 n " 1 } such that, (-4)*" =6(mod5 n ). 



Using Mathematica we have calculated x n for first few n. 



n 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


x n 


1 


4 


4 


54 


304 


929 


7179 


22804 


179054 


Xg + 2 * 5 8 



We observe that, each x n can be written as follows: 

Xl = 1 * 5° 

%2 = %3 = 4 * 5° 

x 4 = 4 * 5° + 2 * 5 2 

x 5 = 4 * 5° + 2 * 5 2 + 2 * 5 3 

x 6 = 4 * 5° + 2 * 5 2 + 2 * 5 3 + 5 4 

x 7 = 4 * 5° + 2 * 5 2 + 2 * 5 3 + 5 4 + 2 * 5 5 

X8 = 4 * 5° + 2 * 5 2 + 2 * 5 3 + 5 4 + 2 * 5 5 + 5 6 

x 9 = 4 * 5° + 2 * 5 2 + 2 * 5 3 + 5 4 + 2 * 5 5 + 5 6 + 2 * 5 7 

Xl0 = 4 * 5° + 2 * 5 2 + 2 * 5 3 + 5 4 + 2 * 5 5 + 5 6 + 2 * 5 7 + 2 * 5 s . 

Using SAGE we can directly get 5-adic solution as: 

x = 4* 5 + 2* 5 2 + 2* 5 3 + 5 4 + 2* 5 5 + 5 6 + 2* 5 7 + 2* 5 8 + 3* 5 9 + 4* 5 10 + 2* 5 11 + 
2 * 5 12 + 5 13 + 4 * 5 14 + 3 * 5 15 + 4 * 5 17 + 3 * 5 18 + 0(5 19 ). 

Using SAGE p-adic solution can be found with precision 0(20), and precision cannot 
be changed. 

Hence, MATHEMATICA is more useful if the solution is required with higher precision. 

4.3 a, b units in Z( p ) 

This is the last case where a and b are units in p-adic integers. Using the theory of 
Teichmiiller units and the results in section I4TT1 we will find the condition on a, b, so that 
the equation a x = b has a solution in p-adic integers. We record the relevant theorems 
here which are proved earlier: 

Theorem 13.4.81 says that, if p is an odd prime then every unit in p-adic integers can 
be uniquely written as product of a Teichmiiller unit and an element of U\. 
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If p = 2 then every unit in 2-adic integers can be uniquely written as product of a 
Teichmiiller unit and an element of Ui- 

Another main theorem which we proved in section 14.11 is theorem 14.2.81 stated as: 
"Let a,b be elements of JJ\ and o / 1. Then a x = b has unique solution in p-adic 
integers if and only if depth of a < depth of b. " 

We now state following important theorem in this section whose proof is clear from 
the above two theorems: 

Theorem 4.3.1. Let p be an odd prime. Let a,b be the units in Z( p ). Write a = ayai, 
b = where a\,b% are Teichmiiller units and (22,^2 G U\ then a x = b has a solution in 
Z( p ) if (i) bi belong to the group generated by a%, and (ii) depth of 02 < depth of b 2 . 
Let p = 2, Let a,b be the units in Z(2). Write a = a\a,2, b = 6162 where a\,bi are 
Teichmiiller units and a 2 ,&2 G U\ then a x = b has a solution in Z( 2 ) if (i) a\ = b\ and 
(ii) depth of a 2 < depth of b 2 . 

4.4 Special Pairs 

Let a 7^ b be integers coprime to prime p. Therefore a, b are units in the ring Z p « for all 
n. Fix natural number n. Consider the group of units Z*„. Then < a > and < b > are 
subgroups of Z*n. If < a >=< b > then for every x G {1, 2, • • ■ , o(a) = 0(6)} there exists 
unique y G {1, 2, • ■ ■ , o(a) = 0(6)} such that a x = b y (modp n ). 

Fix y — 1. Suppose x Q G {1,2, • ■ ■ ,o(a)} is such that a Xo = b(modp n ). Clearly, x Q 
must be coprime to o(a). Consider the map from < a >— >< a > given by a 1— )■ a x ° . Since 
(x ,o(a)) = 1, the map <p Xo : 1 4 i„ from Z Q ( a ) to itself is a group automorphism of 
Z ( ), i.e. (p Xo G Aut (Z D ( a )). We have seen that, the group Aut (Z n ) is isomorphic to the 
multiplicative group Z*. We have (p Xo G Aut (Z ( a )) correspondence to x Q G Zya)- 

Definition 4.4.1. Let a, b be integers and p be a fixed prime. We call (a, b) special pair 
mod p n if 

1. a and b are coprime to p. 

2. subgroups of Z*„ generated by a and b are equal. 

3. x Q is of maximum order in the group Z*^ 
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Example 4.4.2. Example of special pair is example \4- 1-5\ in which p = 2, (a, b) = 
(1 — p 2 , 1 + p 2 ) = (—3, 5). We recall the 2-adic solution of (— 3) x = 5 from the example 
JA^ x = l+2 + 2 3 + 2 8 +2 10 + 2 n +2 12 + 2 13 + o(2 18 ). With the help of 'SAGE' we calculate 
the multiplicative order ofx, modo(a). Here o(a) = 2 n ~ 2 . Then Z*^ = Z*„-2 — Z 2 x Z 2 n-4 
for n > 5. Then maximum possible order of element in Z* ( •> zs 2 n_4 . 



n 


Z*, \ 
0(0) 


x (modo(a)) 


order of x (modo(a)) 


5 


Z*3 


1 + 2 


2 


6 


Z24 


1 + 2 + 2 3 


2 2 


7 


Z* 5 


1 + 2 + 2 3 


2 3 


8 


Z^6 


1 + 2 + 2 3 


2 4 


9 


Z* 7 


1 + 2 + 2 3 


2 5 


10 


Z*g 


1 + 2 + 2 3 


2 6 



Example 4.4.3. Another crucial example of special pair is example 4-2.11 , where p is 
an odd prime and (a, b) = (1 — p, 1 +p). Here Z*„ is a cyclic group, but order of < a > 
and < b > is p n ~ x i.e. it is not the maximum possible order in the group Z*„. Since 
Z*„ = Z p _i x Z p n-i ; there exists an element of order two viz. —1, so the pair (a,b) = 
((— 1)(1 — p), (— 1)(1 + p)) is a better special pair in the sense that order of (— 1)(1 — p) 
and (-1)(1 +p) in Z* n is 2p n ~\ 

Note that, we allow the representation of Z ra by negative integers here. 

The most important thing about these special pairs is that, they are described only 
in terms of the prime p and not by the elements of the group Z*„. Also the index of the 
groups < a > and < b > is eventually constant and the constant depends only on the 
prime p. 

If (a, b) is a special pair then (p Xo (from condition 4 in the definition) give rise to the 
permutation of the set {1,2,--- ,o(a) — 1}. We observe that there is some interesting 
pattern in the permutation and there is some connection between these permutations on 
consecutive levels n, n + 1. Consider the following example: 

Example: Let p = 2, (a,b) = (—3,5). Let x n denote the solution of (— 3) Xn = 
5(mod2 n ). Then we get the permutation of the set {1,2, ■•• ,o(a) — 1} by the map 
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1 i — y x n . Permutation is given by 1 !->■ x n (->■ x 2 n !->■••• . Here x k n is calculated modulo 
o(a) = 2 n ~ 2 . 



n 


{l,2,---,2«- 2 -l} 


Permutation 


3 


{1} 


(1) 


4 


{1,2,3} 


(13)(2) 


5 


{l,2,---,7} 


(13)(2 6)(4)(5 7) 


6 


{1,2,- -.,15} 


(1 11 9 3)(2 6) (4 12)(5 7 13 15)(8)(10 14) 


7 


{1,2,... ,31} 


(1 11251917279 3) (2 2218 6) (412)(5 23 29 312171315) 



74 



Chapter 5 



Summary and Conclusions 

In this concluding Chapter, we highlight the main results obtained in the present disserta- 
tion. Further, we discuss the possible extensions and the scope for further investigations 
in this direction. 

5.1 Conclusions 

In this dissertation we have studied the congruences of the type a x = b{modp n ) where 
a, b are integers coprime to prime p. We observed that, if the solution x n exists for all n 
then the sequence {x n } converges in p-adic integers. Since p-adic integers is a collective 
way of thinking all Z p n's we considered the equation a x = b in p-adic integers. We mainly 
studied when does the solution of a x = b exists. We solve the case of a, b G U\ completely. 
The main theorem is: 

"Let a, b be elements ofU\ and a ^ 1. Then a x = b has unique solution in p-adic integers 
if and only if depth of a < depth of b. " 

In case when a, b are units in p-adic integers, we used earlier case, a, b G U\ and the 
theory of Teichmuller units to find the condition on a, b, when does the solution of a x = b 
exists. We arrive at following conclusion: 

"Let p be an odd prime. Let a, b be the units in Z( p ). Write a = a\a 2 , b = b x b 2 where ai, 61 
are Teichmuller units and a 2 ,b 2 G U\ then a x = b has a solution in Z( p ) if (i) b\ belong 
to the group generated by a±, and (ii) depth of a 2 < depth ofb 2 . 

Let p = 2, Let a,b be the units in Z( 2 ). Write a = a\a 2 , b = b\b 2 where ai,b\ are 
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Teichmiiller units and 02,62 £ U\ then a x = b has a solution in Z( 2 ) if (i) a% = b\ and 
(ii) depth of a 2 < depth o/6 2 - " 

5.2 Scope for further work 

In the case of a, h are units in p-adic integers, in the theorem 14.3. 1[ we have obtained 
one way statement, which gives sufficient condition for the existence of the solution of 
equation a x = b. For finding the necessary condition or for checking that the sufficient 
condition is also necessary, we need to find the meaning of a x where a is Teichmiiller unit 
and x is a p-adic integer. Since log function is defined only on 1 + pZ( p ), the tools we have 
used in this problem will not work to define Teichmiiller unit raised to a p-adic integer. 

The problem of actual finding p-adic solution of a x = b even in case of integers is 
important further work. More precisely, we have shown in theorem 14.1.41 
"Let a, b be integers coprime to a prime p and Let x n denote the smallest positive 

solution of the congruence a x = b(modp n ). If x n exists for all n > 1 then the sequence 
{x n } converges in p-adic integers. " 

00 

If sequence {x n } converges to the p-adic integer x Q = Xi p l then finding the general rule 

j=0 

for the coefficient of p n , is very important. Currently available mathematical softwares 
gives the power series representation of p-adic log(l + a) upto only first few places, e.g. 
SAGE gives only upto p 2 0. 

We have given the construction of Teichmiiller units from it's constant term. It will 
be interesting to find the actual formula for the coefficient of p n whose constant term is 
given. 

At the end of chapter 4, we have defined special pair in Z*„. The work of finding 
all special pairs in Z*„ will be a big job. We can also try to generalize the notion of 
special pairs to p-adic integers. It is our guess that, if a, b are in U\ then (a, b) is a special 
pair if (a mod p n , b mod p n ) is a special pair in Z*„ for all n. But for this we need better 
understanding of the condition (iii) in the definition of special pairs. 

We have defined n-adic integers, we can extend our results if we consider the congru- 
ences modulo n r , where n is a fixed natural number and r varies in natural numbers. 
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Projective Limit 



6.1 



Definitions 



Definition 6.1.1. I is directed set if there exists partial order < on I such that every 
two elements in I have an upper bound in I . 
i.e. G / =>- 3k e I such that i < k, j < k. 

Definition 6.1.2. A projective system of sets (groups, rings, topological spaces) in- 
dexed by directed set I, is a pair ({Xj} ieI , {faj}i<j) where {Xi} ieI is a family of sets 
(groups, rings, topological spaces) and for every i > j e /, 



is morphism of sets ( group homomorphism, ring homomorphism, continuous map ), such 
that 4>a = lxi and (fin- = <f>jk o 0^ for all i > j > k . 



Definition 6.1.3. Given a projective system ({Xi} ieI , {(fiij}i<j) the projective (or 

inverse) limit of the system is a pair (X, {<fii}iei) where X is a set (group, ring, topo- 
logical space) and 4>i '■ X — >■ Xj is a set map (group homomorphism, ring homomorphism, 
continuous map) such that faj o fa = <fij for all i > j. 



faj : Xi — > Xj 



X> 




X 



Xi 
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and such that this pair (X, {(f) i } ieI ) is 'universal', i.e. Given any pair (Y, {ipi} ieI ) of 
the same type, there exists unique set map (group homomorphism, ring homomorphism, 
continuous map) tp : Y — >■ X such that (pi o ip = ipi for all i G I. 



Y ^X 



*l>i 

Xi 




As is well know, an object defined by Universal mapping property is unique if it exists. 
The following construction shows its existence. 

Construction of the projective limit 

X = {(xi) ieI G | Xj = fajfa), Mi > j} 

iei 

We say that, (X, {(pi} ieI ) is the projective limit of the projective system ({Xi} ieI , {(pij}i<j). 
It is denoted as X = KmXj. 

Example 6.1.4. Consider the family of sets X a C Vt for a G /. For a,f3 G / define 
f3 < a if and only if X a C Xp. Define maps (p^ : X a — > Xp as the inclusion map. 
Then ({X a } aeI , <f> a p) is a projective system of sets. The projective limit of this system is 
(X = f]X a , (p a ) where <p a is an inclusion map from X to X a . 

Example 6.1.5. The most relevant example is : 

Let p be a fixed prime. Let I — N with usual order on N. Consider the family of rings 
R n = Z p n. For m < n, define map 

amodp n i — y amodp m 

This is a projective system of rings. Projective limit of this system is the ring of p-adic 
integers Z( p ). 

oo 

Z(p) = {x = ,x 2 ,xi) G Y\_^p n I x n £ Z p n,0 nm (x n ) = x m Vn, m} 

n=l 

with map <p n : Z( p ) — > Z p n as the projection onto n th co-ordinate. 
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exp and log maps 

7.1 On Q[[x]] 

In this section we define exp and log maps on the ring of formal power series Q[[x]]. We 
will show that they are inverses of each other on some specific subsets of Q[[x]]. 

Let R = Q[[x]] = ring of formal power series with rational coefficients. Then R is a 
local ring with unique maximal ideal generated by x. 

Let M :— Mi — ideal generated by x. Let M n = ideal generated by x n , where n = 1, 2, • • • . 
Then U = R — M are units in R that is, elements having non-zero constant term in their 
power series expression. Therefore, U = Q*[[x}}. 

Let U n — 1 + x n R for n = 1, 2, • • • . If u is any element of R then u Q denote the constant 
term of u. Then 

U ->• Q* 
u i — y u 

This is an onto group homomorphism with kernel U\. Therefore ^ = Q*. 
We also have a map 

U n -+ Q 
1 + x n a h-> a Q 

where a Q is the constant term of a. This is an onto group homomorphism with kernel 
U n+1 . Therefore ^ Q for all n > 1. 
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Now we define exp and log map as follows: 
Definition 7.1.1. 



exp: M — > Ui 



(xa) 2 (xa) 



xa >->■ 1 + xa H — h 1 : 1 

2! n\ 

If x k a G R such that a Q ^ then in the power series expansion of exp(x h a), there 
are finitely many terms having non-zero coefficient of x n for n — 0, 1, 2, • • • . Therefore 
exp map is well defined. 

Now we define log map as follows: 
Definition 7.1.2. 

log : Ui — > M 

(xa) 2 . ,,, n+ Axa) n 

1+xa ^ xa-- — — H h (-1) + - — 

2 n 

If l+x k a E R such that a Q ^ then in the power series expansion of log(l+x fc o;), there 
are finitely many terms having non-zero coefficient of x n for n — 0, 1, 2, • • • . Therefore log 
map is well defined. 

Proposition 7.1.3. 

exp:(M,+) — ► ([/!,*) 

(xa) 2 (xa) n 

xa i-> 1 + xa + ^— ^ + • • • + ^-p- H 

2! n\ 

is a group homomorphism. 
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Proof. Let u,v G M. 



n=0 



n 



oo n 
n=0 ' r=0 



u r v n ~ r 



v y - - u r v n ~ r 

^ ^ n\(n- r)!r! 

n=0 r=0 v ' 



u r v n r 



( J ( J y\ (yi — TV 

n=0 r=0 V >' 

oo r+s r s 

= EE' 



r+s=0 r=0 



r! S! 



l + (u + v)+(- + uv + -)- 



(r + s)\ (r + s-1)! 



r! s\ 



(r + s)! 



- (E^)(E 



v r=0 



I' 

7! 



= exp u exp t> 

□ 

Proposition 7.1.4. exp is an injective map. 

Proof. Suppose exp u = 1 That isl + wH r + • • • H r + • • • = 1. This is true if and 

2! n! 

only if u — o. □ 



Remark Showing that exp is surjective and log is it's inverse is a real tricky part. We 
will use the method of formal differentiation and integration to prove this part. I am very 
much thankful to Prof. M. K. Srinivasan, IIT Bombay, for his kind and quick help in this 
proof. 
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Let f(x) = Y^Lo^x 1 G R and g(x) = Y'jLi BjX j G M then the composition fog 



is defined, it can be given as 



oo oo oo 



/ o g( P ) = fC£ B 5 = ^ •'''»' 



j=l i=0 j=l 



This sum is well defined, since there are only finitely many terms in A i7 Bj which are 
coefficients of x n for all n > 1. 

Note that, go f cannot be defined, as there will be infinite terms contributing to constant 
term. 

Differentiation: 

Define 



as the formal differentiation having usual rules. We apply this definition to find derivative 
of exp and log. 

Proposition 7.1.5. Df(x) = if and only if f(x) is a constant. 



Proof. Let f(x) = J2Zo A i x *- Then D f( x ) = M + 2A 2 x + ■■■ + nA n x a " x + ■■■ . 
Df(x) = if and only if A 1 = A 2 = ■ ■ ■ = 0. 




dx 




( V Ai x l ) = Ai + 2A 2 x + ■■■ + nA n x n ~ l H 



Therefore Df(x) = if and only if f(x) = A 



□ 



Proposition 7.1.6. D(exp(x)) = exp(x) 



Proof. 





exp(x) 



□ 



Proposition 7.1.7. D(log(l + x)) 



1 



1 + x 
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Proof. 



D(io g (i + .0) = D ( ;r -Y + y---- + (- 1 ) n+1 ^ + 



l-rr + x 2 + (-l) n x n + 



1 + x 



Proposition 7.1.8. Partial Chain Rule: f(x) £ R, g(x) e M. 
T/^en £>(/ ° 00*0) = A/OK*)) Dg{x). 

Proof. 

oo 



/O^(X) = fC£ B 

3=1 



■j X 



oo / oo 

EEv 

i=0 \i=l 



D(fog(x)) = J2 D [J2 B 
i=0 \j=l 



oo I oo 



oo / oo 



i=i \j=i j \j=i 



oo 

j X 3 



Df(g(x))Dg(x) 



Integration: 



R ->■ M 

z=0 i=0 
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Proposition 7.1.9. -D(log o exp(x)) = 1 
Proof. Using chain rule, 

L>(logoexp(x)) = D I log I ) ) D(exp(x)) 



° x« 



v n=0 



1 + v°° — 

= 1 



zn exp(x) 



□ 

Therefore logoexp(x) = f 1 = x. This shows that exp is surjective. Also for g(x) G 
M, we get log o exp(g(a;)) = g(x). Since exp is a group homomorphism and log is it's left 
inverse, from the basic group theory result, we get log is also right inverse of exp map. 
Thus exp and log are isomorphisms of groups (C/i,*) and (M, +). Moreover, it is clear 
from the definitions of exp and log that exp carries M n into U n and log carries U n into 



Remark The proof of log o exp = / only by using their power series expressions involves 
complicated calculations. Showing that coefficient of x n , n > 1 is zero for the general n, 
contains a non-trivial identity in rational numbers. Above proof reduces all those efforts, 
hence is a very good proof. 
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